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Abstract
Let (S,H) be a polarized K3 surface, E be a coherent sheaf on S and
W ⊂ H0(S,E) be a linear subspace. If we are lucky, there is an exact
sequence
0→W ⊗OS → E → E
′
→ 0
which gives a correspondence between moduli spaces of sheaves of differ-
ent ranks which we used in the first part of the paper to establish some
properties of Brill-Noether loci in the moduli space. We allow E to be
locally free, torsion free of rank one or a line bundle with support on a
curve, thus studying simultaneously Brill-Noether special vector bundles,
special 0-cycles and special linear systems on curves.
To complete the work begun in the Part 1, we need to establish a
number of properties of this correspondence. In this paper we prove that
it behaves nicely for globally generated vector bundles, establish the ex-
istence of globally generated vector bundles in moduli spaces on K3, and
prove that the correspondence preserves stability if PicS = Zc1(E), thus
completing the work of Part 1.
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0.1 Introduction
Let X be an algebraic surface. (Later we will need to assume that the charac-
teristics of the base field is 0.)
We call a coherent sheaf E on X acceptable if rkE ≥ 2 and E is locally free,
or if rkE = 1 and E is torsion free, or if rkE = 0 and E is an invertible sheaf
on a curve on X .
Let A be the moduli space of pairs (E, V ), where E is a stable acceptable
sheaf of a given class in K0(S) and V ⊂ H0(X,E) (it is constructed later in the
paper). If we are lucky, a point in this moduli space gives an exact sequence of
the form
0→ V ⊗OX → E → E
′ → 0,
where E′ is also acceptable and stable. This gives a correspondence between
moduli spaces of acceptable sheaves of different ranks which we studied in [11].
It turns out to be non-trivial to prove that this correspondence is non-empty
and well-behaved. In this paper we prove that it behaves in “naively expected
way” for globally generated vector bundles in the case PicX = Z. In particular,
we prove the following results we use in [11]:
0.1.0.1 Monomorphic evaluation maps: Let X be an algebraic variety,
E be a globally generated vector bundle on X , and l ≤ rkE. Then for a
generic vector space V ∈ Gr(l, H0(X,E)) the evaluation map V ⊗OX → E is
monomorphic.
0.1.0.2 Acceptable extensions: Let X be an algebraic surface, E′ be an ac-
ceptable sheaf onX , and letW be a k-vector space. Let A = Ext1X(E
′,W ⊗OX).
A point e ∈ A gives an extension class of the form
0→W ⊗OX → E → E
′ → 0
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1. If rkE′ ≥ 2, then E is acceptable (this is a trivial part);
2. if rkE′ = 1, E′ = Jξ(L), where L is ample, and the pair (ξ, L + KX) is
Caley-Bacharash, then for a generic e ∈ A the sheaf E is acceptable;
3. if rkE′ = 0, E′ = (iC)∗(B), and A := NC/XB
−1 is globally generated,
then for a generic e ∈ A the sheaf E is acceptable.
0.1.0.3 Acceptable factors: Let X be a smooth algebraic surface in character-
istics 0, E be a globally generated vector bundle on X , and 1 ≤ l ≤ rkE. Then
for a generic vector space V ∈ Gr(l, H0(E)) the cokernel of the evaluation map
eV : V ⊗OX → E is acceptable.
0.1.0.4 Stable extensions: Let (X,H) be a polarized algebraic surface, and
let E′ be an H-stable acceptable sheaf on X . Assume that we are given an
extension
0→W ⊗OX → E → E
′ → 0
Let e be the class of this extension in Ext1(E′,W ⊗OX), and let αe be the image
of e under the isomorphism Ext1(E′,W ⊗OX)
∼
→ Hom(W∨,Ext1(E′,O)).
1. If αe is not injective, then E is not H-stable;
2. If αe is injective, E
′ is acceptable, and PicX ≃ Z · c1(E), where c1(E) is
ample, then E is H - stable.
0.1.0.5 Stable factors: Let (X,H) be a polarized algebraic surface, E be a
stable coherent sheaf on X , and assume that we are given an exact sequence of
the form
0→W ⊗OX → E → E
′ → 0
where E′ is torsion-free. Assume that PicX ≃ Z · c1(E), where c1(E) is ample.
Then E′ is H-stable.
0.1.0.6 Existence of globally generated vector bundles in moduli spaces
on K3. Let X be a K3 surface (this is the only place in this paper where we
use that X K3). Assume that PicX ≃ Zh, h ample, and consider a nonempty
moduli spaceM of vector bundles on S with rkE = r, c1(E) = h and c2(E) = d.
Then there is a globally generated vector bundle E ∈M .
We also construct explicit complex of locally free sheaves computing the
cohomology groups of a locally free sheaf varying in a family and prove numerous
results on special 0-cycles, linear systems and vector bundles.
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1 Preliminaries.
1.1 Two duality lemmas.
Lemma 1. Let X be a scheme, C be a Cartier divisor on X , and B be an
invertible sheaf on C (more precisely, on SuppC). Let i be the embedding of
SuppC into X . If J is a sheaf of ideals defining C, then J/J2 is a locally free
OC sheaf of rank one, and if we define N = NC/X as dual to J/J
2 (contrary to
the notations of [2] p. 4.16), then there is a natural isomorphism
Ext1OX (i∗(B),OX) ≃ i∗(B
−1 ⊗
OC
N)
Proof. Let {Xα} be an affine cover of X such that C can be given by some
equation fα ∈ Γ(Xα,OX) for each α. Let Cα = SuppC ∩ Xα; {Cα} form an
open affine cover of C. Let Aα = Γ(Xα,OX) and Bα = Γ(Cα, B).
Let Iα be the ideal generated by fα in Aα, and let bα ∈ Bα be some generator
of Bα as a free Aα/Iα-module of rank 1 for each α.
As an Aα-module, Bα has a resolution
0 // M1,α
fα // M1,α
bα // Bα // 0 (1.1)
where M1,α = M0,α = Aα, which gives an isomorphism Ext
1
Aα(Bα, Aα)
∼
→
Aα/Iα.
We extend the notation used above to multi-indexes. We denote as res the
canonical maps Aα → Aαβ , Bα → Bαβ and so one, and sometimes omit res
when it can not cause confusion.
We have
res fβ = ψαβ res fα
for some unit ψαβ ∈ Aαβ . The family {ψαβ} is a gluing cocycle for the invertible
OX -module OX(−C).
Let A′α = Aα/Iα and A
′
αβ = Aαβ/Iαβ , where Iαβ = Aαβ res fα = Aαβ res fβ.
Since res bα and res bβ both generate Bαβ as A
′
αβ-module, we have
res bβ = φ
′
αβ res bα
for some unit φ′αβ ∈ A
′
αβ . The family {φ
′
αβ} gives a gluing cocycle for B as an
invertible sheaf on C.
Let φαβ ∈ Aαβ be some lift of φ′αβ . For each α, β we have
res bβ = φαβ res bα
. Note that φαβφβα − 1 ∈ Iαβ and φγβφβα − φγα ∈ Iαβγ .
There is an isomorphism of the restrictions of the resolutions 1.1 to Xαβ
given by the diagram
0 // M1,αβ
fα //
φβαψβα

M1,αβ
bα //
φβα

Bαβ // 0
0 // M1,αβ
fβ //M1,αβ
bβ // Bαβ // 0
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Applying Hom(·, Aαβ) gives
0 Hom(M1,αβ, Aαβ)oo Hom(M0,αβ, Aαβ)
fαoo
0 Hom(M1,αβ, Aαβ)oo
φβαψβα
OO
Hom(M0,αβ, Aαβ)
fβoo
φβα
OO
which induces an isomorphism
resExt1Aβ (Bβ , Aβ)
∼
→ Aαβ/Iαβ
[φβαψβα]
∼
→ Aαβ/Iαβ
∼
← resExt1Aα(Bα, Aα)
It follows that Ext1OX (i∗(B),O) is a direct image of an invertible sheaf on SuppC
with a trivialization
Γ(Cα, Ext
1(B,O))
∼
→ Aα/Iα
and a gluing cocycle
(φβαψβα) mod Iαβ = (φβαψ
−1
αβ ) mod Iαβ =
= φ′βα · (ψ
−1
αβ mod Iαβ) = (φ
′
αβ)
−1 · (ψ−1αβ mod Iαβ).
Since {φ′αβ} is a gluing cocycle for B and {ψαβ mod Iαβ} is a gluing cocycle
for OC(−C), the lemma follows.
Lemma 2. Let j : X → Y be a regular embedding of schemes of codi-
mension r given by an ideal J ⊂ OY , F be a coherent sheaf on Y , F |X be its
restriction to X . Then there is an isomorphism
ExtrOY (OX , F ) ≃ Λ
r(J/J2)
∨
⊗
OX
F |X (1.2)
Proof.
Step 1: affine case. Let A be a commutative ring, and X be a closed sub-
scheme in SpecA given by the regular sequence s = (s1, ..., sr). Let J be the
ideal generated by s. We consider s as a section of a free module E = Ar. If ei
is the canonical basis of E, we have s =
∑
siei.
There is a Koszul resolution K·
0→ ΛrE∨
is→ · · · → E∨
is→ A→ A/J → 0,
where is is pairing with s. In particular, the map Λ
rE∨ → Λr−1E∨ takes
e∨1 ∧ · · · ∧ e
∨
r to
∑
i(−1)
isie
∨
1 ∧ · · · ∧ ê
∨
i ∧ · · · ∧ e
∨
r
For an A-module F let K ·(F ) = Hom(K·, F ) be the cohomological Koszul
complex
Λ0E⊗F
∧s
→ . . .Λr−1E⊗F
∧s
→ ΛrE⊗F → 0
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If {ui} is a standard basis of A-module Ar−1, there is a natural isomorphism
Λr−1E⊗F
∧s //
O

ΛrE⊗F //
O

0
Ar−1⊗F
∧s // F // 0
of the rightmost part of the complex above to the complex Ar−1⊗F
∧s
→ F → 0
where ∧s takes ui⊗ f to (−1)
isif . It gives an isomorphism
ExtrA(A/J, F ) ≃ F ⊗
A
(A/J)
Step 2: general case. Let Y be a scheme, X be a regularly embedded
subscheme of Y , and F be a coherent sheaf on Y . Let Uα be an open affine
cover of Y such that X can be given by some regular sequence sα = (sα1 , . . . , s
α
r )
on each Uα. Let Vα be the induced open cover of X . Let Jα be the ideal
generated by sα in Aα, and let Fα = Γ(Uα, F ). Let Eα = A
r
α.
The complex Lα :
Λr−1Eα⊗Fα
(∧s)⊗ id
→ ΛrEα⊗Fα → 0
computes ExtrAα(Aα/Jα, Fα).
Let Aαβ = Γ(Uαβ ,OY ). Since JαAαβ = JβAαβ , so there is an invertible
matrix fαβ with elements in Aαβ such that
sαi =
∑
fαβij s
β
j
Let u be an automorphism of Eαβ given by the matrix ((f
αβ)t)−1. It has a
property
u(sα) = sβ
and whence induces an isomorphism of complexes Lα⊗Aαβ → Lβ ⊗Aαβ :
Λr−1Eαβ ⊗Fαβ
dsα //
∧r−1u⊗ id

ΛrEαβ ⊗Fαβ //
∧ru⊗ id

0
Λr−1Eαβ ⊗Fαβ
d
sβ // ΛrEαβ ⊗Fαβ // 0
Since Aαβ is a flat Aα-module and since for a complex L of A - modules and
a flat A-module M we have Hi(L)⊗M
∼
→ Hi(L⊗M), there is an isomorphism
ExtrAα(Aα/Jα, Fα)⊗Aαβ
∼
→ H(Lα)⊗Aαβ
∼
→ H(Lα⊗Aαβ)
∼
→ ExtrAαβ (Aαβ/Jαβ , Fαβ)
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which gives a diagram
ExtrAα(Aα/Jα, Fα)⊗Aαβ
/o // (ΛrEαβ ⊗Fαβ)/dsα(Λr−1Eαβ ⊗Fαβ)
/o //
∧ru⊗ id

(Aαβ/Jαβ)⊗Fαβ
detu⊗ id

ExtrAαβ (Aαβ/Jαβ , Fαβ)
O
OO
O

ExtrAβ (Aβ/Jβ, F
β)⊗Aαβ
/o // ΛrEαβ ⊗Fαβ/dsβ (Λ
r−1Eαβ ⊗Fαβ)
/o // (Aαβ/Jαβ)⊗Fαβ
Step 1 gives an isomorphism
iα : Γ(Uα, Ext
r
OY (j∗(OX), F )
∼
→ ExtrAα(Aα/Jα, Fα)
∼
→ (Aα/Jα) ⊗
Aα
Fα
Let φαβ = (detu)−1 mod Jαβ = det f
αβ mod Jαβ . The diagram above
gives the following gluing data for the sheaf ExtrOY (f∗(OX), F ):
Γ(Uαβ , Ext
r
OY
(f∗(OX), F ))
iα
ttiiii
iii
iii
iii
iii iβ
**UUU
UUU
UUU
UUU
UUU
U
(Aαβ/Jαβ)⊗Fαβ (Aαβ/Jαβ)⊗Fαβ
φαβ ⊗ id
oo
Consider the OX -module J/J2. It is a locally free sheaf which can be triv-
ialized by (sα1 mod Jα, . . . , s
α
r mod Jα) on each Vα. Consider the invertible
OX -module Λr(J/J2). It has a trivialization
fa : Γ(Vα,Λ
r(J/J2))
∼
→ Aα/Jα,
(sα1 mod Jα) ∧ · · · ∧ (s
α
r mod Jα) 7→ 1 mod Jα
Since sαi =
∑
fαβij s
β
j , we have s
α
1 ∧ · · · ∧ s
α
r = (det f
αβ) · sβ1 ∧ · · · ∧ s
β
r in
the OY -module ΛrJ . Note that for any A-module M and ideal J there is a
canonical isomorphism
ΛiA/J(M ⊗
A
A/J) ≃ (ΛiAM)⊗
A
A/J,
[m1] ∧ · · · ∧ [mi] 7→ [m1 ∧ · · · ∧mi],
which implies ΛrA/J(J/J
2) ≃ (ΛrAJ)⊗A/J . It follows that J/J
2 as an invertible
OX -module with the trivialization described above has a gluing data (det fαβ)−1
mod Jαβ = (φαβ)
−1:
Γ(Vαβ ,Λ
r
OX
(J/J2))
fα
vvmmm
mm
mmm
mmm
m
fβ
((QQ
QQQ
QQQ
QQQ
Q
Aαβ/Jαβ Aαβ/Jαβ
(φαβ)−1
oo
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It follows that
ExtrOY (OX , F ) ≃ (Λ
r
OXJ/J
2)∨ ⊗
OX
(F ⊗
OY
OX)
1.2 Acceptable sheaves on surfaces
Definition. Let X be an algebraic surface. We say that a coherent sheaf E is
acceptable if
rkE ≥ 2 and E is locally free;
rkE = 1 and E is torsion free;
rkE = 0 and E is a direct image of an invertible sheaf on a Cartier divisor on X .
1.3 One corollary of the Hilbert-Burch theorem
Lemma. Let R be a CM ring of dimension two and let φ : Rm → Rm+1
be a monomorphism of free modules. If φ⊗ k(p) is monomorphic outside a
codimension two subscheme in SpecR, then cokerφ is isomorphic to an ideal
J ⊂ R of depth 2.
1.4 Poincare polynomials
Let X be a scheme and E be a coherent sheaf on X . Let OX(1) be an ample
invertible sheaf on X . The Poincare polynomial of E is
P (E) = χ(E(m)) = χ(E) + χ(E|H)m+ χ(E|H2)
m(m+ 1)
2
+ . . .
+ χ(E|Hd)
m(m+ 1) . . . (m+ d− 1)
d!
,
where H ∈ |OX(1)| is a generic divisor in the linear system OX(1), Hi is
the intersection of i generic divisors in the linear system OX(1), and d is the
dimension of support of E ( [9]).
In particular, if dimX = 2,
P (E) = χ(E|H2 )
m(m+ 1)
2
+ χ(E|H)m+ χ(E) =
r(H,H)
m(m+ 1)
2
+ (r(1 − g) + (c1(E), H))m+ χ(E)
where r = rkE and g is genus of the curve H .
If r > 0, then the reduced Poincare polynomial is defined as
p(E) = P (E)/r = (H,H)
m(m+ 1)
2
+
(
(1− g) +
(c1(E), H)
r
)
m+
χ(E)
r
9
1.5 Vanishing of H2(X,E) for stable E with positive c1
Lemma. Let (X,OX(1)) be a polarized K3 surface and E be a stable coherent
sheaf on X of rank r > 0 such that (c1(E), H) > 0. Then H
2(X,E) = 0.
Proof. By duality, H2(X,E) ≃ Ext0(E,Ω2X)
∨ = Hom(E,OX)
∨.
Assume that Hom(E,OX) 6= 0, i.e., that there is a nonzero homomorphism
φ : E → OX . Let J = φ(E); J is a sheaf of ideals of some closed subscheme
Z ⊂ X . The map φ induces an epimorphism
E → J → 0
and therefore the stability of E should imply p(E) < p(J), i.e.,
(c1(E), H)
r
m+
χ(E)
r
< c1(J |H)m+ χ(J)
One can see from the exact sequence
0→ J ⊗OH → OH → OZ∩H → 0
that c1(J |H) = −c1(OZ∩H) < 0, while (c1(E), H) > 0, which gives a contradic-
tion.
1.6 Extensions of modules over a commutative ring.
This is a classical construction, (cf., for example, [5]), but we have to fix
the notations. Let M , N be modules over a commutative ring A, let e ∈
Ext1A(M,N). Then the Yoneda-corresponding extension 0→ N → E → M →
0 can be obtained in the following way. If
. . .M2 →M1 →M0 →M → 0
is a projective resolution of M , then the complex
HomA(M0, N)→ HomA(M1, N)→ HomA(M2, N)
computes Ext1A(M,N). If e ∈ Ext
1
A(M,N), e = [g], g : M1 → N , g(dM2) = 0,
and E is a cokernel of the map
M1
(d,g)
→ M0 ⊕N → E → 0,
then
0→ N
(0,id)
→ E
(can,0)
→ M → 0
is the extension class corresponding to e under the Yoneda isomorphism.
Since (d, g)(M1) and 0 ⊕N have a zero intersection in M0 ⊕N , there is a
commutative diagram
M1
(d,g)
M1
d
0 // N // M0 ⊕N //

M0 //
d
0
0 // N // E //

M //

0
0 0
(1.3)
10
If g1, g2 ∈ Hom(M1/dM2, N) and g1 − g2 = g˜ · d, where g˜ ∈ Hom(M0, N),
then the isomorphism φ : M0 ⊕ N → M0 ⊕ N , φ =
1 0
−g˜ 1
descends to the
equivalence
0 // N // (M0 ⊕N)/ Im(d, g1) //
Oφ 
M // 0
0 // N // (M0 ⊕N)/ Im(d, g2) // M // 0
of the corresponding extensions.
1.7 Computation of Ext i(Jξ(L),OX)
Lemma. Let X be a nonsingular algebraic surface and ξ be a 0-subscheme in
X , then
(i) Hom(Jξ(L),OX) = L−1,
(ii) Ext1(Jξ(L),OX) ≃ Ext
2(Oξ(L),OX),
(iii) Ext2(Jξ(L),OX) = 0.
Proof. It is enough to consider the exact sequence
0→ Jξ(L)→ L→ Oξ(L)→ 0
1.8 Computation of H0(X, Ext1(Jξ(L),OX))
Lemma Let X be a nonsingular surface and ξ be a simple 0-cycle on X . Then
H0(X, Ext1(Jξ(L),OX)) ≃ H
0(X,Oξ(KXL))
∨
Indeed, if ξ is regularly embedded, then Ext1(Jξ(L),OX) ≃ Ext
2(Oξ(L),OX) ≃
Λ2Oξ(Jξ/Jξ
2)∨⊗Oξ(L
−1|ξ), where we used the duality lemma. The rest is straight-
forward.
1.9 Spectral sequence for Ext1(F,G)
Let F , G be a coherent sheaves on a proper separable scheme X . The spectral
sequence Extn(F,G)⇐ Hp(X, Extq(F,G)) gives the exact sequence
0→ H1(X,Hom(F,G))
t
→ Ext1(F,G)→ H0(X, Ext1(F,G))→
→ H2(X,Hom(F,G))→ Ext2(F,G)
We need an explicit description of the map t. Let Uα be an open affine
cover of X . Since X is separable, all the pairwise intersections Uα ∩ Uβ are
affine. Let a ∈ H1(X,Hom(F,G)) and let hαβ ∈ Z1C(X,Hom(F,G)) be some
Chech cochain which represents a. Let Aα = Γ(Uα,OX), Fα = Γ(Uα, F ), and
Gα = Γ(Uα, G). Let Eα := Fα ⊕Gα.
Let Uαβ = Uα ∩ Uβ, Fαβ = Γ(Uαβ , F ), etc.
11
Consider the trivial extension of Aα-modules
0→ Gα → Fα ⊕Gα → Fα → 0
and the automorphism iαβ of the Aαβ -module Eαβ = Fαβ +Gαβ given by
iαβ =
1 0
hαβ 1
There is a commutative diagram
0 // Gαβ // Eαβ //
Oiαβ

Fαβ // 0
0 // Gαβ // Eαβ // Fαβ // 0
This gives a family of isomorphisms i′αβ : Eα|Uαβ → Eβ |Uαβ , and the identity
hαβ + hβγ = hαγ implies i
′
βγ · i
′
αβ = i
′
αγ .
This allows one to glue the family {Eα} into a coherent sheaf sheaf E on X
which fits into a locally trivial extension
0→ G→ E → F → 0
1.10 Spectral sequence for Ext1(F,O) for acceptable sheaf
on a surface.
Let X be an algebraic surface, and let F be an acceptable sheaf on X . Then
1.9 gives
1.10.1 Case rkF = 0
if rkF = 0, then Hom(F,O) = 0 and
Ext1(F,O) ≃ H0(X, Ext1(F,O))
1.10.2 Case rkF = 1
Let F = Jξ(L), where ξ is a 0-subscheme on X . Then 1.9 and 1.7 give the
exact sequence
0→ H1(X,L−1)→ Ext1(Jξ(L),O)→ H
0(X, Ext1(Jξ(L),O))→
→ H2(X,L−1)→ Ext2(Jξ(L),O)→ 0 (1.4)
which is exact in the right term due to the vanishing of E0,22 and E
1,1
2 in the
spectral sequence.
Assume now that X is smooth, and let K = Ω2X . The exact sequence
0→ Jξ(KL)→ KL→ Oξ(KL)→ 0
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generates the long exact sequence
0→ H0(X, Jξ(KL))→ H
0(X,KL)→ H0(X,Oξ(KL))→
→ H1(X, Jξ(KL))→ H
1(X,KL)→ 0 (1.5)
Lemma. If X is smooth and ξ is a simple 0-cycle, then 1.4 and 1.5 are
dual, i.e., there is an isomorphism
0 // H1(X,L−1) //
O
Ext1(Jξ(L),O) //
O
H0(X, Ext1(Jξ(L),O)) //
O
H2(X,L−1) //
O
Ext2(Jξ(L),O) //
O
0
0 // H1(X,KL)∨ // H1(X, Jξ(KL))∨ // H0(X,Oξ(KL))∨ // H0(X,KL)∨ // H0(X, Jξ(KL))∨ // 0
(1.6)
where vertical isomorphism in the middle was constructed in 1.8 and the other
ones are Serre duality isomorphisms.
If L is ample, then the above exact sequence and Kodaira vanishing theorem
give
0→ Ext1(Jξ(L),O)→ H
0(X, Ext1(Jξ(L),O))→ H
2(X,L−1)→ Ext2(Jξ(L),O)
1.10.3 Case rkF ≥ 2
If F is locally free, then Ext1(F,O) = 0 and 1.9 gives an isomorphism
t : H1(X,Hom(F,O))
∼
→ Ext1(F,O)
1.11 Locally free extensions 0→ O → E → Jξ(L)→ 0
1.11.1 Local case
Lemma. Let A be a regular local ring of dimension two, m be its maximal
ideal, and let
0→ A→ E → m→ 0 (∗)
be some extension of A-modules with class e ∈ Ext1Am,A. Then E is a free
module iff e 6= 0.
This is a classical result, for another proof see, f.e., [5], p.5.4.
Proof. If e = 0, then E is not free, so assume e 6= 0. Let p be m considered
as a point in SpecA. If {x, y} is a regular sequence generating m, then m has
a Koszul resolution
0→M1 →M0 → m→ 0
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where M1 = A and Mo = A
2 and the exact triple (*) has a resolution
0

0

E1
/o //
v
M1
w
0 // A // E0

// M0

// 0
0 // A // E

// m

// 0
0 0
(1.7)
where E0 = E⊕
m
M0 = ker(E ⊕M0 → m) is a free module of rank three.
The middle column of 1.7 shows that E is free iff v(p)
def
= v⊗ k(p) 6= 0.
Now 1.7 generates
0 0
0 Hom(E1, A)oo
OO
Hom(M1, A)o/oo
OO
0oo
0 Hom(A,A)oo
OO
Hom(E0, A)oo
v∗
OO
Hom(M0, A)oo
w∗
OO
0oo
Let idA ∈ Hom(A,A) be the identity homomorphism and let us choose some
lift i˜dA ∈ Hom(E0, A) of idA to Hom(E0, A). Then, by definition,
e = a∗(v∗(i˜dA)) mod Imw
∗
Let φ = v∗(i˜dA). There is an isomorphism Hom(M1, A) ≃ A which takes Imw
∗
to m, so e = a∗(φ) mod m.
But i˜dA is the left splitting of the exact sequence in the middle row of 1.7,
as in the
E1
/o //
v

φ
~~
M1

0 // A
i
// E0 //
i˜doo
M0 // 0
Since v = i ◦ φ v(p) = i(p) ◦ φ(p). But i(p) 6= 0 and e 6= 0 implies φ(p) 6= 0 ,
which implies v(p) 6= 0.
1.11.2 Global case
We will call an extension
0→ O → E → Jξ(L)→ 0
locally free iff E is locally free.
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Lemma. Let X be a smooth surface, L be an ample line bundle on X , and
ξ be a simple effective 0-subscheme in X . Then
(a) dimExt1(Jξ(L),O) = h1(Jξ(LK)) = δ(ξ, LK),
(b) Let dimk Ext
1(Jξ(L),O) > 0 and p ∈ ξ. Then either
every curve in the linear series |L+K| passing through ξ − p also contains
p, and the set of extensions parametrized by Ext1(Jξ(L),O) and locally free at
p is a complement to a hyperplane in Ext1(Jξ(L),O),
or
there is a curve in the linear system |L+K| containing ξ− p but not p, and
all extensions classes in Ext1(Jξ(L),O) are not locally free at p.
Proof.
(a) follows from the definition of δ(ξ, L+K), and duality. To prove (b), we
consider the diagram
0 // Ext1(Jξ(L),O)
res//
O
H0(X, Ext1(Jξ(L),O)) //
O
H2(X,Hom(Jξ(L),O))
O
0 // H1(X, Jξ(KL))∨ // H0(ξ, (KL)|ξ)∨ // H0(X,KL)∨
from 1.10. Let W = H0(ξ − p, (KL)|ξ−p)∨ and W ′ = H0(p,KL|p)∨. We have
H0(ξ,KL|ξ)∨ = W ⊕ W ′. The condition 1.11.1 implies that the extension
class e ∈ Ext1(Jξ(L),O) is not locally free at p iff e ∈ W ⊂ W ⊕ W
′. Let
K = H1(X, Jξ(KL))
∨. Since W is of codimension one in W ⊕W ′, then either
K ⊂ W and all the extension classes parametrized by Ext1(Jξ(L),O) are not
locally free, or that the set of non-locally free extensions form a hyperplane in
Ext1(Jξ(L),O). Consider the diagram
0 // K ∩W //
∩
W //
∩
H0(X,KL)∨
0 // K // W ⊕W ′ // H0(X,KL)∨
and the dual diagram
0 0
0 (K ∩W )∨
OO
oo H0(ξ − p,KL)
OO
oo H0(X,KL)oo
0 K∨oo
OO
H0(ξ − p,KL)⊕H0(p,KL)oo
pr1
OO
H0(X,KL)
evξoo
where evξ : H
0(X,KL)→ H0(ξ,KL|ξ) is the canonical restriction map (”eval-
uation”). Then K ⊂ W iff H0(p,KL) ⊂ Im evξ, i.e., if there is a curve in the
linear system |K + L| passing through ξ − p but not through p.
1.12 EndA(J) = 0
Lemma. If A is a ring and J is an ideal such that depthJ(A) ≥ 2, then
EndA(J) = A.
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Indeed, the exact sequence
0→ J → A→ A/J → 0
implies
0→ Hom(A,A)→ Hom(J,A)→ Ext1(A/J,A) = 0
which implies that a natural map A→ Hom(J,A) is an isomorphism. Now the
inclusion of J into A induced a monomorphism
0→ Hom(J, J)→ Hom(J,A)
∼
→ A
, which is clearly epimorphic since every element a ∈ A induced an endomor-
phism of J .
1.13 Torsion free extensions 0→ O → E → i∗B → 0
1.13.1 Affine case
1. Let A be a commutative ring and f be an element of A which is not a zero
divisor. Then the A- module A/f has a free resolution
0 // A
f // A // A/f // 0
which gives an isomorphism Ext1(A/f,A) ≃ A/f .
Let e ∈ Ext1(A/f,A) be a class of the extension
0→ A→ E → A/f → 0 (1.8)
Let e = [g], as in 1.6, where g ∈ HomA(A,A) ≃ A. Then 1.6 gives that E can
be realized as a cokernel of the map
0→ A
(f,g)
→ A2 → E → 0 (1.9)
Let J be the ideal generated by (f, g) in A. The cohomological Koszul
complex K ·(f, g) gives a complex R(f, g)
0→ A
(f,g)
→ A2
(−g,f)
→ J → 0
The identity homomorphism id : A2 → A2 descends to the epimorphic map
w : E → J , as in the diagram
0

kerw

0 // A
(f,g)// A2
can // E
w
// 0
0 // A
(f,g)// A2
(−g,f)// J

// 0
0
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(All the columns and rows of the diagram above are exact except, perhaps,
the bottom row.)
The following lemma can be proved directly:
Lemma:
(1) There is a canonical isomorphism H1(K)
∼
→ kerw.
(2) If A is integer, then there is a canonical isomorphism H1(R)
∼
→ TorsE.
Proof of (2): If (a, b) ∈ ker(f, g), then fa+gb = 0 and f ·[(a, b)] = [(fa, fb)] =
[(−gb, fb)] = b · [(−g, f)] = 0 in E, which gives a map ker(f, g) → TorsE and
an injective map H1(R)→ TorsE. To prove that it is epimorphic, assume that
[(a, b)] ∈ TorsE. Then α · [(a, b)] = 0 for some nonzero α ∈ A, i.e., αa = −gβ
and αb = fβ for some β ∈ A, which implies α(fa+gb) = 0. If A has no divisors
of zero, this implies fa+ gb = 0.
2. Assume that H1(R) = 0. Then the isomorphism w : E → J induces the
isomorphism of the diagram
A
(f,g)

A
f

0 // A
i2 // A2
π1 //

A //

0
0 // A
i // E
p //

A/f //

0
0 0
of 1.3 with diagram
A
(f,g)

A
f

0 // A
i2 // A2
π1 //
(−g,f)

A //

0
0 // A
f // J
φ //

A/f //

0
0 0
where φ : J → A/f takes −ga1 + fa2 to a1 mod fA. The map φ is correctly
defined in the case H1(R) = 0, since −ga1 + fa2 = −ga′1 + fa
′
2 implies f(a2 −
a′2) = g(a1−a
′
1) and, since H
1(R) = 0 is equivalent to H1(K(f, g)) = 0, we have
(a1 − a
′
1, a2 − a
′
2) = (fb, gb) for some b ∈ A, which implies a1 mod fA = a
′
1
mod fA.
3. Corollary. If (f, g) is a regular sequence in A, then w is an isomorphism,
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and the extension class e in Ext1(A/f,A) is equivalent to one of the form
0→ A
f
→ J
φ
→ A/f → 0
.
Remark. If (f, g) is regular, then there is an isomorphism
0 // A
f // J
φ // A/f //
Og

0
0 // A
f // J
ψ // g(A/f) // 0
where ψ takes a ∈ J to a mod fA. (Note that H1(K(f, g)) = 0 implies iso-
morphisms
J/fA
∼
→ Ag/Ag ∩ Af
∼
→ Ag/Afg
∼
→ g · (A/f)
Corollary. IfA/f does not have zero divisors, then all the nonzero extension
classes in Ext1(A/f,A) are torsion-free.
1.13.2 Global case.
If Y is a scheme, L is an invertible sheaf on Y and s ∈ H0(Y, L), we would say
that s is OY -regular if for every affine U ⊂ Y and every nonzero f ∈ H0(U,O)
fs 6= 0. (In particular, it is always the case if Y is integer and s 6= 0.
Let X be a scheme, C be an effective Cartier divisor on X and B be an
invertible sheaf on C. Let i be an embedding of SuppC into X . Assume that
we are given an extension
0→ O → E → i∗(B)→ 0 (1)
Let e be its class in Ext1X(B,O).
By 1.10 and 1.1, there are isomorphisms
Ext1X(B,O) ≃ H
0(X, Ext1X(B,O)) ≃ H
0(X, i∗(NB
−1)) ≃ H0(C,NB−1)
(1.10)
where N = NC/X is a normal sheaf to C in X . Let s ∈ H
0(C,NB−1) be the
element corresponding to e under this isomorphism. Let L = OX(C).
Lemma. If s is OC - regular, then there is an equivalence of extensions
0 // OX // E //
O

i∗(B) // 0
0 // OX
f // Jξ ⊗L
φ // i∗(B) // 0
(1.11)
where f is a canonical section of L vanishing at C, φ is a some map from Jξ(L)
to i∗(B), and ξ is a the set of zeroes of s on C.
(1)
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Proof.
Let us choose an affine cover Uα of X , as in the proof of 1.1. The restriction
of the extension 1 gives an extension 0→ Aα → Eα → Bα → 0 with some class
eα ∈ Ext
1
Aα(Bα, Aα) for each α. Each Aα-module Bα has a resolution 1.1, and
we can lift the extension class eα to a homomorphism gα : M1,α → Aα, as in
1.6. Let sα ∈ Γ(Cα, NB−1) be a restriction of s to Uα. Since sα is the image
of eα under the isomorphism Ext
1
X(i∗(B),OX)
∼
→ i∗(NB−1) and since s is OX -
regular, (fα, gα) is a regular sequence in Aα. Let Jα be the ideal generated by
(fα, gα) in Aα.
Now 1.13.1 gives an equivalence of extensions
0 // Aα // Eα //
O wα

Bα // 0
0 // Aα
fα // Jα
φα // Bα // 0
Let us extend all the notations to multiindexes, as in 1.1. Since eβ =
φαβψαβeα in Aαβ , we have gβ = φαβψαβgα + θαβfα for some θαβ ∈ Aαβ . Since
ψαβ is invertible in Aαβ and φαβ is invertible in Aαβ/(fβ), we have Jα ·Aαβ =
Jβ ·Aαβ ; we denote this ideal as Jαβ . Now the restrictions of wα and wβ to Uαβ
give an isomorphism
0 // Aαβ
fβ // Jαβ
phiβ //
O wαw
−1
β

Bαβ // 0
0 // Aαβ
fβ // Jαβ
φα // Bαβ // 0
(1.12)
But by 1.12, the isomorphism wαw
−1
β is a multiplication with some constant
λαβ , and since fβ = ψαβfα we have λαβ = ψ
−1
αβ .
Let ξ be a subscheme in X given by (fα, gα) in Uα. Since ψ
−1
αβ is a gluing
cocycle for L = OX(C), we get a desired equivalence of extensions 1.11.
It is clear that ξ as a subscheme of C is given as a set of zeroes of s.
The map f can be described in the following way: Jξ(L) := Jξ ⊗L can be
realized as a subsheaf of L consisting of sections vanishing at ξ, and since the
canonical section of OX(C) vanishes at ξ, it gives a section of Jξ(L).
Remark. Consider ξ as a Cartier divisor on C. There is an exact sequence
0→ JC,X → Jξ,X → i∗Jξ,C → 0
which is isomorphic to
0→ OX(−C)→ Jξ,X → i∗OC(−ξ)→ 0
Twisting it with L = OX(C), we get an exact sequence
0 // OX
f // Jξ(L) // i∗(N ⊗OC(−ξ)) // 0 (1.13)
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where f is the canonical section of OX(C) vanishing at C. It follows that there
is an isomorphism
0 // OX
f // Jξ(L) // i∗B //
O

0
0 // OX
f // Jξ(L) // i∗(N ⊗OC(−ξ)) // 0
1.14 Locally free extensions 0→W ⊗OX → E → i∗B → 0
1.14.1 Affine case
Let R be a commutative ring and f ∈ R be a non-zero divisor. The R - module
R/f has a resolution
0 // R
f // R // R/f // 0
and therefore Ext1(R/f,W ⊗
k
R) is a cohomology of the complex
Hom(R,W ⊗R)
f
→ Hom(R,W ⊗R)→ 0
In particular, Ext1(R/f,W ⊗R) ≃W ⊗k(R/f).
Let e ∈ Ext1(R/f,R) be the class of an extension
0→ R→ E → R/f → 0 (1.14)
and let us choose some lift g ∈ Hom(R,W ⊗R) of e. Then 1.6 gives that E
can be realized as a cokernel of the map
0→ R
(f,g)
→ R⊕ (W ⊗
k
R)→ E → 0 (1.15)
The exact sequence
0→ Tor1(E, k(p))→ k(p)
(f(p),g(p))
→ k(p)⊕ (W ⊗ k(p))
associated with a point p ∈ SpecR demonstrates that E is locally free iff f and
g do not have common zeroes in SpecR.
1.14.2 Global case.
Let X be a scheme, C be an effective Cartier divisor on X (we also denote by
C the support of C), let i be the canonical embedding of C into X , and let B
be an invertible sheaf on C. Let e be the class of an extension
0→W ⊗OX → E → i∗(B)→ 0 (1.16)
where dimW ≥ 2.
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By 1.10 and 1.1 there is an isomorphism
Ext1X(i∗(B),W ⊗OX) ≃W ⊗Ext
1
X(i∗(B),OX) ≃
≃W ⊗H0(X, Ext1X(i∗(B),OX)) ≃W ⊗H
0(C,A) ≃ H0(C,W ⊗
k
A)
where A = NB−1 and N = NC/X = OX(C)|C is the normal sheaf to C in X .
If s ∈ H0(C,W ⊗A) is the image of e under this isomorphism, then 1.14.1
gives that E is locally free iff s does not vanish on C.
Let φe be the image of s under the isomorphism
H0(C,W ⊗A)
∼
→ Hom(W∨, H0(C,A))
Let l = rkφ. One can prove that s can be written as s =
∑l
1 wi⊗ si for linearly
independent w1, . . . , wl ∈ W and linearly independent s1, . . . , sl ∈ H0(C,A).
We have Z(s) = Z(s1) ∩ . . . ∩ Z(sl).
Note that even if l ≥ 2 and s1, . . . , sl are linearly independent it is possible
that Z(s1) ∩ . . . ∩ Z(sl) is not empty. But if A is globally generated, then the
lemma (3.2.0.4) implies that this does not happen:
Proposition 1 If dimX = 2, C is smooth and A = NB−1 is globally gener-
ated, then the generic section of W ⊗k A does not vanish on C, and the corre-
sponding extension is locally free.
We will also be particularly interested in the case dimW = dimH0(C,A).
We will show late that if φe is not injective, the extension e can not be locally
free. Assume now that φE is injective, i.e., is an isomorphism. This defines a
unique extension class ecan. This extension is locally free iff ∩
s∈H0(C,A)
Z(s) = ∅,
i.e., iff A is globally generated.
1.15 Criteria for a generic extension to be acceptable.
Lemma. Let F be an acceptable sheaf on a surface X . We will be considering
classes e ∈ Ext1(F,W ⊗OX) parametrizing extensions
0→ W ⊗OX → E → F → 0 (1.17)
Statement:
(i) If F is a locally free, then all such extensions are locally free;
(ii) If F = Jξ(L), where L is an ample line bundle and ξ is a simple 0-cycle
on X , and pair (ξ, L+K) is Caley-Bacharash, then there exist a finite collection
of hyperplanes Z ⊂ Ext1(Jξ(L),W ⊗OX) such that for every extension class
not in Z the sheaf E is locally free;
(iii) If F = (iC)∗(B), where i : SuppC → X is an (effective) Cartier on X
and B is an invertible sheaf on SuppC, then
(a) If dimW = 1 and SuppC is reduced and irreducible, then E is acceptable;
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(b) If dimW ≥ 2, SuppC is smooth and A = NC/XB
−1 is globally gener-
ated, then E given by generic e ∈ Ext1X(i∗B,W ⊗OX) is acceptable.
Proof.
(i) The exact sequence (1.17) implies Tor1(E, k(p)) = 0 for every p ∈ X ,
which implies (i).
(ii) Let k = dimW . In the case k = 1 this statement was proved in 1.11.2.
If k > 1, we proceed by induction.
Let us choose a k − 1-dimensional subspace Wk−1 ⊂ W and let W 1 =
W/Wk−1. Assume that we are given an extension
0→W ⊗OX → E → Jξ(L)→ 0
with class e ∈ Ext1(Jξ(L),W ⊗OX) The projection W → W 1 induces the
diagram
0

0

Wk−1⊗OX

Wk−1⊗OX

0 // W ⊗OX //

E //

Jξ(L) // 0
0 // W 1⊗OX //

E′ //

Jξ(L) // 0
0 0
where E′ := E/(Wk−1⊗OX) The exact sequence
0 // Wk−1 // W
p // W 1 // 0
induces the exact sequence
0 // Ext1(Jξ(L),Wk−1⊗OX) // Ext
1(Jξ(L),W ⊗OX)
p1 // Ext1(Jξ(L),W 1⊗OX) // 0
(1.18)
which is exact on the left and on the right since the exact sequence
0→Wk−1⊗OX →W ⊗OX →W
1⊗OX → 0
has a left splitting. Note that p1(e) = e′, where e′ ∈ Ext1(Jξ(L),W 1⊗OX) is
the class of the bottom row of the diagram above. The 1.11.2 implies that
E′ is locally free when e′ is outside of a finite collection of hyperplanes in
Ext1(Jξ(L),W
1⊗OX). Since local freeness of E
′ implies a local freeness of
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E, the exact sequence (1.18) guarantees that E is locally free for all e outside
some finite collection of hyperplanes in the vector space Ext1(Jξ(L),W ⊗OX).
(iii) It was proved in 1.13.2 in the case dimW = 1 and in 1.14.2 in the
case dimW > 1.
1.16 Stability of extensions and factors
1.16.0.1 Lemma. Let X be an (integer) surface, H be a polarization on X ,
and let E′ be an H-stable coherent sheaf on X , rkE′ ≥ 1. Assume that we are
given a nontrivial extension
0→ OX
i
→ E
π
→ E′ → 0 (1.19)
and assume further that PicS ≃ Z, h is a positive generator of PicS.
Then E is H-stable.
Proof. The map π : E → E′ induces a map TorsE → TorsE′ which is
inclusion since X is integer. Since E′ is stable of rank ≥ 1, it is torsion free,
and therefore E is torsion free. Let r = rkE and k = rkF .
Assume that E is not stable; let F ⊂ E be a destabilizing subsheaf. The
intersection OX ∩F is a coherent subsheaf of OX and thus is either 0, or a sheaf
of ideals of a proper subscheme Z ⊂ X .
Consider first the case OX ∩ F = 0. In this case F ′ = π(F ) is a subsheaf of
E′ isomorphic to F . Since E′ is stable, we have
P (F )
k
≥
P (E)
r
, (1.20)
P (F ′)
k
<
P (E′)
r − 1
(1.21)
In particular, we have the inequalities of slopes
(c1(F ), H)
k
≥
(c1(E), H)
r
,
(c1(F ), H)
k
≤
(c1(E), H)
r − 1
which is equivalent to
1
r
≤
f
k
≤
1
r − 1
Since k ∈ [1, . . . , r−1], this equality can be satisfied only if k = r−1 and f = 1.
(One can draw here a picture in Z2 to visualize the condition.)
Let Q = E/F and Q′ = E′/F ′. We have rkQ = 1, rkQ′ = 0. Consider the
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diagram
0

0

F
/o //

F ′

0 // OX
O

// E //

E′

// 0
0 // OX // Q //

Q′

// 0
0 0
(1.22)
Note that c1(Q
′) = c1(E) − c1(F ) = 0. By choosing maximal destabilizing
subsheaf we may assume that Q is torsion free, which implies that it is of the
form Jξ for some 0-subscheme ξ on X which has no sections, and thus in this
case lemma is proved.
Remark. If E′ is locally free, then we may assume that F is locally free. In
this case F ′ is a locally free subsheaf of E′ and they have the same rank, while
the factor-sheaf is supported in codimension two, which is not possible, and we
get another proof.
Case 2: consider now the case OX ∩ F = J for a sheaf of ideals J ⊂ OX of
a subscheme Z ⊂ X .
Consider the diagram
0 // JZ //

F //

F ′ //

0
0 // OX // E // E′ // 0
Let k = rkF . The condition that F destabilizes E and F ′ does not destabi-
lize E′,
P (F )
k
≥
P (E)
r
P (F ′)
k − 1
<
P (E′)
r − 1
is equivalent to the condition
P (F ) ≥
k
r
P (E)
P (F ) < P (JZ) +
k − 1
r − 1
(P (E)− P (OX))
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In particular, we should have
P (JZ) +
k − 1
r − 1
(P (E) − P (OX)) >
P (E)
r
or
r(r − 1)P (J) + (k − r)P (E) − r(k − 1)P (OS) > 0
Using the formula
P (F )
k
= H2
m(m+ 1)
2
+
χ(F |H)
k
m+
χ(F )
k
we see that the coefficients at m2 of the polynomial above is zero, while the
condition on the coefficient at m gives an inequality
(r − k)(c1(E), H)S + r(r − 1) degH(Z) ≤ 0
Since (c1(E), H)S > 0 and degH(Z) ≥ 0, we should have r = k and degH(Z) =
0.
It follows that the stability condition 1.21 is equivalent to
P (F ) ≥ P (E)
P (F ) < P (JZ) + P (E)− P (OS)
which implies P (E) < P (JZ) + P (E) − P (OS), or P (OS) < P (JZ), which can
not be satisfied, since
P (OZ) = χ(OZ) ≥ 0
1.16.0.2 Lemma. Let X be a surface, H be a polarization on X , and E be
an H-stable coherent sheaf on X such that rkE ≥ 2. Assume that we are given
an exact sequence
0→ OX
i
→ E
π
→ E′ → 0 (1.23)
where E′ is torsion-free, and that PicS ≃ Zh, and c1(E) = h. Then E′ is
H-stable.
Proof. Assume that E′ is not stable; then it admits a destabilizing quotient
sheaf Q. Let r = rkE and k = rkQ. Since E′ is torsion free, rk ker(E′ → Q) ≥
1, and therefore k ≤ r − 2.
Since E is stable, Q should not destabilize E. This gives a numerical condi-
tion
P (Q)
k
≤
P (E′)
r − 1
P (Q)
k
>
P (E)
r
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or
χ(QH)
k
m+
χ(Q)
k
≤
χ(E′H)
r − 1
m+
χ(E′H)
r − 1
χ(QH)
k
m+
χ(Q)
k
>
χ(EH)
r
m+
χ(E)
r
Comparing the coefficients at m, we get
(c1(E), H)
r
≤
(c1(Q), H)
k
≤
(c1(E), H)
r − 1
Now if c1(Q) = qh this is equivalent to the inequality
1
r
≤
q
k
≤
1
r − 1
which is impossible since k ≤ r − 2.
1.16.0.3 Lemma. Let X be a surface, H be a polarization on X , and F
be an H-stable acceptable coherent sheaf on X . Assume that we are given an
extension
0→ W ⊗OX → E → F → 0 (1.24)
Let e ∈ Ext1(F,W ⊗OX) be the class of this extension and let αe be the image
of e under the isomorphism Ext1(F,W ⊗OX)
∼
→ Hom(W∨,Ext1(F,O)).
Then
(1) If αe is not monomorphic, then E is not H-stable.
(2) If rkF ≥ 1, X is irreducible and integer, αe is monomorphic, PicX ≃ Zh,
and c1(E) = h, then E is H - stable.
(3) If rkF = 0, F = i∗(B), where i : C → X is an embedding of the support
of an integer Cartier divisor C on X , and B is an invertible sheaf on C, X is
irreducible and integer, αe is monomorphic, and PicX ≃ Z[C], then E is H -
stable.
Proof. Assume first that dimW = 1. If rkF ≥ 1, then the first statement
of the lemma is trivial and the second one was proved in 1.16.0.1 If rkF = 0,
then the first statement is trivial and the third one follows from 1.13.2.
Assume now that dimW > 1. Let k = dimW . Let us choose a k − 1
-dimensional vector subspace Wk−1 ⊂ W and let W1 = W/Wk−1. Then
Wk−1⊗OX is a subsheaf of W ⊗OX ; let E′ = E/(Wk−1⊗OX). The canonical
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projection map π :W →W1 → 0 induces the diagram
0

0

Wk−1 ⊗O

Wk−1⊗O

0 // W ⊗O //

E //

F // 0
0 // W1⊗O //

E′ //

F // 0
0 0
(1.25)
The map π also induces the diagram
Ext1(F,W ⊗O)
d //
O
Ext1(F,W1⊗O)
O
Hom(W∨,Ext1(F,O))
d′ // Hom(W∨1 ,Ext
1(F,O))
It is clear that e′ = d(e) is the class of the bottom row of the diagram (1.25).
If αe : W
∨ → Ext1(F,O) is not injective, then we can choose π : W →
W1 → 0 in such a way that W∨1 ⊂ ker(αe : W
∨ → Ext1(F,O)). In this case
d′(αe) = 0, or, in other words, the bottom row of (1.25) is a trivial extension
and E admits OX as a factor-sheaf. It follows immediately that E can not be
stable, since it admits OX as its subsheaf and its factor-sheaf. (Moreover, it is
easy to see that under some mild assumptions on F E can not be semi-stable.)
This proves (1).
Assume now that αe is injective. The bottom row of the diagram induces
the exact sequence
0→ Hom(W1⊗O,W1⊗O)
δ
→ Ext1(F,W1⊗O)→ Ext
1(F ′,W1⊗O)
which is injective on the left since Hom(W1⊗O,W1⊗O) ≃ H0(X,O) = k and
since δ takes the canonical element of Hom(W1⊗O,W1⊗O) to the nontrivial
class e′.
Let e′′ ∈ Ext1(E′,Wk−1⊗OX) be the class of the middle column of (1.25)
and let αe′′ be the corresponding element in Hom(W
∨
k−1,Ext
1(E′,OX)). Con-
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sider the diagram
0 // W∨1 // Ext
1(F,O) // Ext1(E′,O)
0 // W∨1 // W∨ //
αe
OO
Wk−1
∨ //
αe′′
OO
0
0
OO
(1.26)
The top row of this diagram is induced by applying RHom(·,O) to the
bottom row of the (1.25) (its injectivity on the left follows from the discussion
above). The fact that this diagram commutes can be verified directly. This
diagram implies that αe′′ is injective.
We can now apply induction to the pair (W,Wk−1). Indeed, in the case
rkF ≥ 1 the case k = 1 considered above implies that E′ is stable. We can now
apply induction to the extension
0→Wk−1⊗OX → E → E
′ → 0
of the middle column of the diagram (1.25).
In the case rkF = 0, F = i∗(B) the property that C is integer and the case
k = 1 considered above imply that E′ is stable of rank one (which is in this case
equivalent to the fact that E′ is torsion-free). Now we can apply the induction
step to the middle column extension to deduce that E is stable.
1.16.0.4 Lemma. Let (X,H) be a polarized surface such that PicS ≃ Z[H ]
and E be an H-stable coherent sheaf on X such that c1(E) = [H ]. Assume that
we are given an exact sequence
0→ W ⊗OX
i
→ E
π
→ F → 0 (1.27)
where F is torsion-free. Then F is H-stable.
Proof. Note that the assumption implies rkE ≥ 2. If dimW = 1, the
lemma was proved above. Assume that dimW > 1 and let us choose an 1-
dimensional vector subspace W1 ⊂ W . Let E′ = E/(W1⊗OX). consider the
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diagram
0

0

W1⊗OX

W1⊗OX

0 // W ⊗OX //

E //

F // 0
0 // (W/W1)⊗OX //

E′ //

F // 0
0 0
Since OX is integer, the bottom row of this diagram gives an embedding 0 →
TorsE′ → TorsF , and since F is torsion free, E′ is also torsion-free. The case
dimW = 1 considered above applied to the middle column of the diagram above
implies that E′ is stable, and we can now apply induction to the bottom row of
the diagram above.
1.17 Flag ξ ⊂ C ⊂ X
Let X be a surface, C be an effective Cartier divisor on X , and ξ be an effective
Cartier divisor on SuppC. We will also write C for SuppC and ξ for Supp ξ.
Let i : C → X and j : ξ → C be the canonical embeddings.
The filtration JC ⊂ Jξ ⊂ OX induces the diagram
0 // Jξ/JC //
O
OX/JC //
O
OX/Jξ //
O
0
0 // i∗Jξ,C // i∗OC // i∗j∗Oξ // 0
(1.28)
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and the diagram
0

0

JC

JC

0 // Jξ //

OX //

i∗j∗Oξ // 0
0 // i∗Jξ,C //

i∗OC //

i∗j∗Oξ // 0
0 0
Let L = OX(C) and l = i
∗(L). Twisting the diagram above with L, we get
0

0

OX

OX

0 // Jξ(L) //

L //

(i∗j∗Oξ)(L) //
O
0
0 // i∗l(−ξ) //

i∗l //

i∗((j∗Oξ)(l)) // 0
0 0
(1.29)
1.18 Globally generated sheaves and the correspondence
Lemma Let X be a scheme with h0(OX) = 1 and
0→ OX → E → E
′ → 0
be an exact sequence of coherent sheaves. If E is globally generated, then E′ is
globally generated. If E′ is globally generated and H1(X,OX) = 0, then E is
globally generated.
The proof is straightforward.
1.19 Special 0-cycles on surfaces
1.19.1 Speciality index of a 0-cycle.
Let ξ be a 0-dimensional subscheme of a surface X of length d.
Definition. The speciality index of ξ with respect to L, δ(ξ, L), is defined
by
h0(X, Jξ(L)) = h
0(X,L)− d+ δ(ξ, L)
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It follows that δ(ξ, L) ≥ 0 and δ(ξ, L) > 0 iff ξ does not impose d independent
conditions on the sections of L.
Definition. ξ is said to be special with respect to L if δ(ξ, L) > 0.
Examples. We assume that the linear system |L| is not empty.
1. If deg ξ = 1, ξ = [p], p ∈ X , then (ξ, L) is special iff p is a base point for
|L|.
2. If deg ξ = 2, ξ = [p] + [q], and |L| is base-point free, then (ξ, L) is special
iff φL(p) = φL(q), where φL : X → |L|∨ is the morphism to a projective space
associated with |L|.
3. Let deg ξ = 3, ξ = [p]+ [q]+ [r], and let |L| be base-point free. We denote
by < p1, . . . , pn > a linear span of a set of distinct points in projective space.
Then (ξ, L) is special iff either φL(p) = φL(q) = φL(r), or dim < p, q, r >L= 1,
where < p, q, r >L=< φL(p), φL(q), φL(r) >.
4. If deg ξ = d and ξ is a sum of d distinct points on X , and |L| is base-point
free, then ξ is special iff dim < ξ >L< d− 1.
Note that in general dim < ξ >L= d− 1− δ(ξ, L).
Lemma. δ(ξ, L) = h1(Jξ(L))− h1(L). In particular, if X is smooth and L
= M ⊗Ω2(X) for an ample M , then δ(ξ, L) = h1(Jξ(L)).
The proof follows from the long exact sequence associated with
0→ Jξ(L)→ L→ Oξ(L)→ 0
and the Kodaira vanishing theorem.
1.19.2 Caley-Bacharash 0-cycles
Let ξ be a simple 0-cycle on X , i.e., a sum of d distinct points, on a surface X .
Definition. ξ is said to be Caley-Bacharash (CB) with respect to invertible
sheaf L on X if for every point p ∈ ξ the natural inclusion 0→ H0(X, Jξ(L))→
H0(X, Jξ−p(L)) is an isomorphism.
In other words, the pair (ξ, L) is Caley-Bacharash if for every point p ∈ ξ
and every curve C (if any) in the linear system |L| on X containing ξ − p the
point p is also on C.
Lemma. A Caley-Bacharash pair (ξ, L) is special.
Proof. Since (ξ, L) is Caley-Bacharash, the exact sequence
0→ Jξ(L)→ Jξ−p(L)→ L⊗ k(p)→ 0
induces the long exact sequence
0→ L⊗k(p)→ H1(X, Jξ(L))→ H
1(X, Jξ−p(L))→ 0
which implies h1(X, Jξ(L)) = h
1(X, Jξ−p(L)) + 1 and therefore δ(ξ, L) = δ(ξ −
p, L) + 1 ≥ 1.
Examples. Assume that the linear system |L| is not empty.
1. If ξ = [p], p ∈ X , then (ξ, L) is Caley-Bacharash iff p is a base point for
|L|.
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2. If ξ = [p]+ [q] and |L| is basepoint-free, then (ξ, L) is Caley-Bacharash iff
φL(p) = φL(q).
3. If deg ξ = 3, ξ = [p] + [q] + [r], and |L| is basepoint- free, then (ξ, L) is
Caley-Bacharash iff either φL(p) = φL(q) = φL(r), or φL(p), φL(q) and φL(r)
are all distinct and dim < p, q, r >L= 1. Note that there are special degree 3
0-cycles which are not Caley-Bacharash.
4. If deg ξ = d and ξ is a sum of d distinct points on X which are not base
points for |L|, then (ξ, L) is Caley-Bacharash iff φL(p) ∈< ξ − p >L for every
p ∈ ξ.
1.19.3 Speciality index of a 0-cycle on a curve.
Let C be a (smooth) non-hyperelliptic curve and ξ be a simple 0-cycle on C of
degree d, i.e., an effective divisor consisting of d distinct points.
Definition. The speciality index of 0-cycle ξ of degree d with respect to the
canonical linear system |KC | is defined by
dim < ξ >KC= d− 1− δC(ξ,KC)
Lemma.
δC(ξ,KC) = dim |ξ|
Proof. This is equivalent to the Riemann-Roch theorem.
1.19.4 Speciality index of a 0-cycle on a curve on a surface.
Let X be a surface with h1(X,OX) = 0, C be an effective Cartier divisor on X
such that Ω2X ⊗OX OX(C) is ample, and let ξ be a Cartier divisor on C. Let
L = OX(C), A = OC(ξ) and B = NC/XA
−1.
Lemma.
δX(ξ, L) = h
1(C,B) − pg(X)
Proof. Let i : C → X be the canonical embedding. The isomorphism
α : Ext1OX (i∗B,OX)
∼
→ H0(C,A) of 1.1 and the description of extensions given
in 1.13.2 give an extension
0 // OX
s // Jξ(L) // i∗B // 0
with s vanishing at C. The induced long exact sequence
0→ H1(X, Jξ(L))→ H
1(X, i∗B)→ H
2(X,OX)→ H
2(X, Jξ(L))→ 0
gives h1(Jξ(L)) = h
1(X,B)−pg+h2Jξ(L) = h1(C,B)−pg+h2(L) = h1(C,B)−
pg ,where we used the Kodaira vanishing theorem.
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1.19.5 0-cycle on a curve on K3
Let X be a K3 surface, C be a smooth irreducible curve on X such that L =
OX(C) is ample, and let ξ be a Cartier divisor on C. Let A = OC(ξ) and
B = KCA
−1.
Lemma.
δX(ξ, L) = h
0(C,A) − 1
This is a corollary of the previous lemma.
If C is non-hyperelliptic and ξ is a simple 0-cycle, then the lemma above can
be reformulated as
δX(ξ, L) = δC(ξ,KC)
We also give another proof:
Let s be the canonical section of L = OX(C). If φL is a morphism associated
with linear system |L| andH is a hyperplane inH0(X,L)∨ orthogonal to s, there
is a diagram
C
i

(φL)|C // H

X
φL // PH0(X,L)∨
Consider the short exact sequence
0 // OX
s // L // L|C // 0
and the associated exact sequences
0→ H0(X,OX)
s
→ H0(X,L)→ H0(C,L|C)→ 0
and
0→ H0(C,L|C)
∨ → H0(X,L)∨ → H0(X,OX)→ 0
It is clear that there is an isomorphism PH0(C,L|C)∨ → H which makes the
following diagram commutative:
C
φ(LC) //
(φL)|C
%%LL
LL
LL
LL
LL
LL PH
0(C,L|C)∨
O

H
Since the restriction L|C ≃ Ω1C , the linear spans < ξ >KC and < ξ >L
coincide, and the lemma follows.
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2 Injectivity of generic evaluation map for glob-
ally generated vector bundles
2.1 The injectivity lemma.
2.1.0.1 Lemma. Let X be a reduced and irreducible scheme, and E be a
locally free sheaf on X generated by global sections. Let v ≤ rkE. Then there
is a nonempty open subset in the Grassmanian variety Gr(v,H0(E)) such that
for all V in this subset the map φV is injective.
Proof. Let H = H0(E). Consider the diagram
0 // kerψ // H ⊗OX
ψ // E // 0
0 // kerφV //
∪
V ⊗OX
φV //
∪
E
(2.1)
Note that kerψ is locally free and kerφV = (kerψ) ∩ (V ⊗OX).
Let K be the field of rational functions on X . For a sheaf F on X we denote
by F (K) the K-vector space of rational sections of F , which is isomorphic to the
fiber of F at the generic point of X . The diagram above induces the diagram
0 // (kerψ)(K) // H ⊗kK // E(K) // 0
0 // (kerφV )(K) //
∪
V ⊗kK
∪
Note that (kerφV )(K) is the intersection of K-vector subspaces (kerψ)(K) and
V ⊗K in H ⊗K.
For a k-vector space V let VK = V ⊗kK. Let A = (kerψ)(K). The inequal-
ity dimV ≤ rkE implies that
dimK A+ dimK VK ≤ dimK H(K)
Now the “Grassmanian Lemma” 2.2.0.2 below implies that for a generic
V ⊂ H the intersection VK ∩ A = 0, i.e., (kerφV )(K) = 0. But since kerφV is
a subsheaf of a torsion-free sheaf V ⊗OX , we have kerφV = 0.
2.2 Grassmanian lemma
2.2.0.2 Lemma. Let K/k be an extension of fields, F be a vector space over
k, and let G = Grk(v, F ) be the Grassmanian variety of v-dimensional k-vector
subspaces in F . Let FK = F ⊗kK and let A ⊂ FK be a K-vector subspace of
dimension a such that a+ v ≤ dimk F . Let XA be the set of all v-dimensional
k-subspaces V in F such that dimK(VK ∩ A) > 0. Then there is a proper
algebraic subvariety XA in G such that XA is the set of k - points of XA.
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Proof. Let Grk(v, F ) be the set of all v-dimensional k-vector subspaces in F ;
we have Grk(v, F ) = G(k). Let GrK(v, FK) be the set of all v-dimensional K-
vector subspaces in FK and the GrK(v, FK) be the corresponding Grassmanian
variety. There is a canonical isomorphism GrK(v, FK) ≃ G⊗kK. (Note that
the results of [1], pp9.7-9.8 can be applied to the Grassmanian of subspaces of
F since the base scheme S = Spec k).
Let t = dimk F and m = t− a− v + 1; we have m ≥ 1. Let
ΣA = {W ⊂ FK : dimK W = v, dimK(W ∩A) > 0}
It is well-known that ΣA is the set of K-points of a proper algebraic subvariety
ΣA in GK of codimension m. (The class of ΣA in the cohomology ring or Chow
ring is a special Schubert class σm = {m, 0, . . . , 0}, cf. [8], p. 14.7).
Let P = Pk(Λ
vH) and PK = P⊗kK; there is a natural isomorphism PK ≃
PK(Λ
vHK). There is a commutative diagram
GrK(v,HK)

pK // PK(ΛvHK)

Grk(v,H)
p // Pk(ΛvH)
where p and pK are Plucker morphisms.
Consider first the case t = a + v, m = 1. In this case ΣA = GK ∩
PK
HA for
some hyperplane section HA ⊂ PK .
Let HA = HA(K), G = G(k), GK = GK(K), P = P(k) and PK = PK(K).
There are natural embeddings of G into GK and P into PK . Note that the
intersection HA ∩
PK
P is the set of k- points of some linear subspace I ⊂ P. We
have
XA = ΣA ∩
GK
G = (HA ∩
PK
GK) ∩
GK
G
[1]
= (HA ∩
PK
P )∩
P
G = I ∩
P
G =
= I(k) ∩
P(k)
G(k) = (I∩
P
G)(k)
where the equality [1] is induced by the diagram
PK ⊃ GK
P ⊃
∪
G
∪
Therefore we can let X = I ∩G.
Note that if A ⊂ FK is in a general position and dimK/k > dimkG, then
XA is empty.
In the general case consider the canonical map
uA : A⊗
k
Λv−1F → ΛvF
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and let LA = P(Im(uA)). LA is a linear subspace in P, and there is a fibered
square
G // P
ΣA //
∪
LA
∪
which allows one to repeat the computation above.
Example. Let dimk F = 4, G =Gr(2, F ) =Gr(1,P(F )), and let A be one-
dimensional vector subspace in F . We have LA ⊂ P(Λ2F ), LA ≃ P(A⊗k(F/A)),
dimLA = 2. Note that LA ⊂G, and therefore ΣA = LA∩G = LA. If p = P(A),
p ∈ P(F ), then ΣA = Σp is the variety of lines in P(F ) ≃ P
3 containing the
point p.
Let LA = H1 ∩H2 ∩H3, where H1, H2 and H3 are hyperplanes in P(Λ2F ).
Then the intersection of H1∩H2 and G in P(Λ2(F )) is proper, and G∩H1∩H2
has two irreducible components, one of them G ∩ H1 ∩ H2 ∩ H3. If l1 and l2
are two lines in P(F ) intersecting at the (single) point p, and if H1 = Σl1 and
H2 = Σl2 , then
Σl1 ∩Σl2 = Σp +Ωe,
where Ωe is the variety of lines contained in the plane e spanned by l1 and
l2. This decomposition corresponds to the equality σ
2
1 = σ2 + σe in the Chow
ring of G, (see, for example, [8], Example 14.7.2). In coordinates, we have
G = a12a34 − a13a24 + a14a23 = 0, and if H1 = (a12 = 0), H2 = (a13 = 0)
and H3 = (a14 = 0), then G ∩H1 ∩H2 = (a12 = 0, a13 = 0, a14 = 0) + (a12 =
0, a13 = 0, a23 = 0) = G ∩H1 ∩H2 ∩H3 +Ωe.
3 One application of Bertini theorem
3.1 Smoothness lemma
I did not find a reference for the following lemma, though it is probably standard:
3.1.0.3 Lemma. Let Y be a smooth irreducible affine scheme over a field k,
R = Γ(Y,OY ), s = (s1, . . . , sr) be a sequence of elements in R, and let Z = Z(s)
be a subscheme in Y given by s.
(a) There is a complex of coherent sheaves on Z
OrZ
(ds1|Z ,...,dsr |Z)
→ (Ω1Y/k)|Z → Ω
1
Z/k → 0
(b) If ds1|Z , . . . , dsr|Z are OZ -independent sections of the locally free sheaf
(Ω1Y/k)|Z = Ω
1
Y/k ⊗OZ , (i.e., if (ds1 ∧ · · · ∧ dsr)⊗ 1 is a non-vanishing section
of ΩrY/k ⊗OZ), then (s1, . . . , sr) form a regular sequence in R, and Z is smooth
over k of dimension dimk Y − r.
Proof. Let us prove (b). Consider first the case r = 1. In this case Z is
given by a single element s ∈ R. Let j : Z → X be the canonical embedding,
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and let J be the ideal generated by s in R. Taking the global sections of the
exact sequence
NZ/X → j
∗(Ω1X/k)→ Ω
1
Z/k → 0
(cf. [2], 4.16.4.21), we get the exact sequence of R/J-modules
J/J2
d
→ Ω1R/k ⊗
R
R/J → Ω1(R/J)/k → 0
(cf. [1], 0.20.5.12.1), where J/J2 is a free R/J-module of rank one generated by
s mod J2. Let p ∈ Z. It is clear that the condition Tor
R/J
1 (Ω
1
(R/J)/k, k(p)) = 0
is equivalent to ds⊗ k(p) 6= 0, which follows from the assumption of the lemma.
It follows that Ω1Z is a locally free sheaf of rank d − 1, where d = dimY , and
therefore Z is nonsingular of dimension d− 1.
It is clear that {s} forms a regular sequence: indeed, if st = 0 for some
t ∈ R, we have sdt+ tds = 0, and X = V (s) ∪ V (t). Therefore we have tds = 0
on V (s) = Z, which contradicts to the assumption on ds|Z. (We do not want
to use the irreducibility of X in order to be able to use this argument in the
induction step later.)
Consider now the case r > 1. Let Ri = R/(s1, . . . , si), i = 1, . . . , r; we have
Ri = Ri−1/(si). Let Zi = SpecRi.
Consider the map ir : OrY → Ω
1
Y/k given by (ds1, . . . , dsr). Taking the r-th
exterior power, we get
∧rir : ∧
rOrY → Ω
r
Y/k
Since (ds1∧· · ·∧dsr)|Z 6= 0, ∧rir gives a section of ΩrY/k not vanishing on Z, and
therefore there is an affine subscheme U ⊂ Y such that Z ⊂ U and ds1, . . . , dsr
are OU -independent sections of Ω1Y |U
∼
→ Ω1U . Let us substitute Y by U .
Assume that for some i ≥ 2 Zi−1 is smooth of dimension d− (i−1) and that
the sequence (s1, . . . , si−1) is regular. Now Zi is given by a single equation si
in Ri−1, and the exact sequence of Ri-modules
(Ri−1si)/(Ri−1s
2
i )
d
→ Ω1Ri−1/k ⊗
Ri−1
Ri → Ω
1
Ri/k
→ 0
gives that Ω1Ri/k is locally free at p ∈ Zi of rank d − i iff dsi⊗ k(p) 6= 0. But
since (ds1 ∧ · · · ∧ dsr)⊗ k(p) 6= 0 for all p ∈ Y , the lemma follows.
We can repeat the argument for r = 1 to see that si is not a zero divisor in
Ri−1.
The proof of (a) is straightforward.
3.2 Z(s) for a generic section of a globally generated bun-
dle
For a section s of a locally free sheaf E we denote by Z(s) the scheme of zeroes
of s.
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3.2.0.4 Proposition. Let X be a smooth proper scheme over a field k of
characteristics 0, and let E be a locally free sheaf on X generated by global
sections. Then
(a) If rkE > dimX , then a generic sections s ∈ H0(E) does not vanish on
X ;
(b) If rkE ≤ dimX , then for a generic s ∈ H0(E) the scheme Z(s) is
smooth of codimension r in X , and, moreover, each point q ∈ Z(s) has an affine
neighborhood on which s is given by regular sequence.
Proof. Let E be the vector bundle Spec Sym E∨. Consider the diagram
P(E∨)
π
 $$I
II
II
II
II
X // Spec k
where P(E∨) is the notation of [8] for the projectivization of a vector bundle
(in the notation of EGA2 this is P(E) = Proj Sym E).
LetOE∨(1) be the canonical invertible sheaf on P(E∨). Since π∗OE∨(1) ≃ E ,
the diagram above induced the isomorphism
A : H0(X, E)
∼
→ H0(P(E∨),OE∨(1))
If s ∈ H0(X, E), let Ds = Z(A(s)) be the divisor of zeroes of the corresponding
section of OP(E∨)(1).
3.2.0.5 Lemma. The locally free sheaf E is generated by global sections iff
the linear system |OE∨(1)| on P(E∨) is basepoint-free.
Proof. Assume that the linear system |OE∨(1)| has a base point p ∈ P(E∨),
i.e., that p ∈ Ds for all for all s ∈ H0(X,E). Let q = π(p), and let Hp ⊂ E(q) be
the hyperplane in the fiber of the vector bundle E over the point q orthogonal
which consists of vectors orthogonal to the point p ∈ E∨(q). The condition
p ∈ Ds is equivalent to the condition s(q) ∈ Hp. Since this should be true for
all sections s ∈ H0(X,E), it follows that the fiber E(q) is not generated by the
global sections of E.
The inverse statement of lemma is straightforward.
3.2.0.6 Lemma. The divisor Ds is singular iff Z(s) is neither smooth of
dimension d− r nor empty.
Proof. Let q ∈ X , and let U be an affine subset in X containing q such
that both E and Ω1X can be trivialized when restricted to U . Let us choose
an isomorphism αU : E|U → OrU , and let (e1, . . . , er), ei ∈ Γ(U, E|U ), be the
preimages of the canonical sections of OrU .
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Taking the dual of αU , we get a trivialization α
∨
U : O
r
U
∼
→ E∨|U and, there-
fore, an isomorphism U × Pr−1
∼
→ P(E∨|U ). Let (e∨1 , . . . , e
∨
r ) be the dual trivi-
alization of E∨|U , and let x1, . . . , xr be the canonical homogeneous coordinates
on Pr−1.
Let R = Γ(U,OU ) and let us make a base change to U . We have s =
∑r
1 siei
for some si ∈ R. It is clear that Ds ⊂ P(E∨) can be given by by the equation
fs =
r∑
1
sixi
The singularities ofDs are given by the condition dfs =
∑r
1 sidxi+
∑r
1 xidsi =
0, which is equivalent to the condition (1) si = 0 for all i and (2)
∑r
1 xidsi = 0.
In other words, let Z = Z(s), and consider the map of the locally free sheaves
φ : OrX → Ω
1
X , where φ = (ds1, . . . , dsr). Consider the restriction of φ on Z and
consider the corresponding map of vector bundles
1rZ
φ|Z
→ T∨X |Z
Let Cs be the preimage of the zero section of T
∨
X |Z under φZ , and let PCs be
the projectivization of Cs. We have PCs = Sing(Ds).
(Scheme-theoretically, for a morphism of locally free sheaves E → F the
preimage of the zero section of F can be defined as Spec(Sym E∨/φ(Sym+ F∨) ·
Sym E∨) and the corresponding projective cone as a Proj of the same graded
sheaf of algebras.)
Now lemma 3.1 gives a complex
OrZ
(ds1|Z,...,dsr|Z)
→ Ω1X |Z → Ω
1
Z → 0
Let now q ∈ x, and consider the exact sequence
0→ kerφ⊗ k(q)→ k(q)r
φ⊗ k(q)
→ Ω1X ⊗ k(q)→ Ω
1
Z ⊗ k(q)→ 0
dimk Ω
1
Z ⊗ k(q) > r − d. If Cs(q) is a scheme-theoretic fiber of Cs over q, then
set of k-points is in a natural correspondence with kerφ⊗ k(q).
Let us come back to the general case of not-necessarily affine X . Let
Singd−r(Z) be the set of points q ∈ Z for which dimk Ω
1
Z ⊗ k(q) > d−r, i.e., the
set of points at which Z fails to be smooth of expected codimension. It is clear
that this is a set of points of a closed subscheme in Z, and that the canonical
morphism PCs → X factorizes through Singd−r(Z). In another words, there is
a diagram
P(E∨)

⊃ Ds ⊃ SingDs = PCs
π′

X ⊃ Z ⊃ Singd−r(Z)
It is clear that π′ is epimorphic, and the statement of the lemma follows.
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3.2.0.7 Lemma. If r > d, then either Z(s) is empty and Ds is smooth, or
Z(s) is not empty and Ds is singular. If r ≤ d, then either Z(s) is empty or
smooth of expected dimension d − r while Ds is smooth, or Z(s) fails to be
smooth of expected dimension while Ds is singular.
This lemma follows from the previous one immediately.
Let us now use the assumption char k = 0 and use the Bertini’s theorem (cf.
[4]):
3.2.0.8 Corollary. If r > d, then the Bertini theorem implies that Z(s)
is empty for the generic s ∈ H0(X, E), and if r ≤ d, then the Bertini theorem
implies that Z(s) is either empty or smooth of dimension d−r for the generic s ∈
H0(X, E), and the generic section s gives a regular sequence in the coordinate
ring of some affine neighborhood of every point q ∈ X .
This finishes the proof of the theorem.
4 Computation of Jξ(L)/OX
Let X be a surface, ξ be a 0-subscheme in X , L be an invertible sheaf on X
and s ∈ H0(X,L) be OX − regular section of L. Considering the embedding
Jξ(L) ⊂ L, we get an OX -regular global section of L. Let C be the Cartier
divisor of zeroes of this section and let i : C → X be the embedding of the
support of C into X . Twisting the homomorphism
s : OX → Jξ(L) (4.1)
with OX(−C) ≃ L
−1, we see that ξ is a Cartier divisor on C. Let l = i∗(L).
4.0.0.9 Lemma. The map 4.1 can be included into the exact sequence
0→ OX → Jξ(L)→ i∗(l(−ξ))→ 0
Proof. Let j : ξ → C be the canonical embedding of the support of ξ to C
and let k = ij. Then the inclusions
ξ
j
⊂ C
i
⊂ X
give the filtration JC,X ⊂ Jξ,X ⊂ OX which induces the diagram
0

0

JC,X

JC,X

0 // Jξ,X //

OX //

k∗Oξ //
O
0
0 // i∗Jξ,C //

i∗OC //

i∗j∗Oξ // 0
0 0
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This diagram can be rewritten as
0

0

OX(−C)

OX(−C)

0 // Jξ,X //

OX //

k∗Oξ //
O
0
0 // i∗OC(−ξ) //

i∗OC //

i∗j∗Oξ // 0
0 0
twisting it with OX(C) ≃ L, we get the diagram
0

0

OX

OX

0 // Jξ(L) //

L //

(k∗Oξ)(L) //
O
0
0 // i∗(l(−ξ)) //

i∗l //

i∗((j∗Oξ)(l)) // 0
0 0
left column of which gives the desired exact sequence.
5 Good degeneration of eV in the globally gen-
erated case
5.0.0.10 Proposition. Let X be a smooth surface over a field k of charac-
teristics 0, and E be a globally generated locally free sheaf on X . Let l be an
integer, 1 ≤ l ≤ rkE. Then for the generic vector subspace V ⊂ H0(X,E) of
dimension l the cokernel of the evaluation map
eV : H
0(X,E)⊗
k
OX → E
is acceptable.
Proof.
By Lemma 2.1.0.1, for a generic V ⊂ H0(E) of dimension l the map eV is
injective. Let V ⊂ H0(E) be generic, and let l = dimk V .
(a) Assume first that l ≤ rkE− 2. In this case r− l ≥ 2. By lemma 3.2.0.4,
for generic v ∈ V the corresponding section sv ∈ H0(X,E) does not vanish on
X , and therefore the factor-sheaf E′ = E/eV (v⊗OX) is locally free. There is
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a diagram
0

0

v⊗OX

v⊗OX

0 // V ⊗OX //

E //

F // 0
0 // (V/v)⊗OX //

E′ //

F // 0
0 0
Applying induction to the pair (E′, V/v), we conclude that F is locally free of
rank r − l.
(b) Assume now that dimk V = rkE − 1. Following the step (a), we can
choose a generic l − 1 -dimensional vector subspace W ⊂ V such that E′ =
E/eV (W ⊗O) is a locally free sheaf of rank 2 which can be included into the
diagram
0

0

W ⊗OX

W ⊗OX

0 // V ⊗OX //

E //

F // 0
0 // (V/V )⊗OX //

E′ //

F // 0
0 0
Consider the pair (E′, V/W ). E′ is a locally free sheaf of rank 2 and V/W is
one-dimensional vector subspace in H0(X,E′). Let u ∈ V/W , u 6= 0, and let
su be the corresponding section of E
′. The proposition 3.2.0.4 ensures that
by choosing W to be generic enough we have that either Z(s) is empty or that
each point x ∈ X has an affine neighborhood U ≃ SpecR such that s|U is given
by a regular sequence (s1, s2), si ∈ R. Let J = Rs1 +Rs2; the (cohomological)
Koszul resolution
0→ R
(s1,s2)
→ R2
(−s2,s1)
→ J → 0
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proves that F |U ≃ J , which finishes the proof.
(c) Assume now that dim V = rkE. By choosing a generic l−1 -dimensional
vector subspace W ⊂ V and considering E′ = E/(W ⊗OX) as in (b) we get a
torsion-free sheaf E′ of rank 1 and 1-dimensional subspace in the vector space
H0(X,E′). Since E′ is torsion free, it is of the form Jξ(L) for a 0-subscheme
ξ ⊂ X , and by lemma 4.0.0.9, F in the diagram above is isomorphic to the direct
image of an invertible sheaf on some Cartier divisor C on X , which completes
the proof.
6 Construction of Brill-Noether loci
6.1 Complex K(E)
E be a torsion-free coherent sheaf on a surface X . We construct a complex of
vector spaces which computes Hi(X,E). Let C be an effective divisor X which
is ample enough so that Hi(X,E(C)) = 0 for i = 1, 2. Let i1 : C → X be the
embedding of C to C. Tensoring the adjunction sequence
0→ OX → OX(C)→ (i1)∗OC(C)→ 0
with E, we get
0→ E → E(C)→ (i1)∗E(C)|C → 0
Let F = E(C)|C . We can choose an effective divisor ξ on C such that
H1(C,F (ξ)) = 0. Let i2 : ξ → C be the embedding. We get a complex
0→ F → F (ξ)→ (i2)∗F (ξ)|ξ → 0
Thus we get exact sequences
0→ H0(X,E)→ H0(X,E(C))
α
→ H0(C,E(C)|C )→ H
1(X,E)→ 0,
0→ H1(C,E(C)|C )→ H
2(X,E)→ 0,
0→ H0(C,F )
β
→ H0(C,F (ξ))
γ
→ H0(ξ, F (ξ)|ξ)→ H
1(C,F )→ 0
Let K(E) be the complex of vector spaces
K(E) =
(
0→ H0(X,E(C))
β◦α
→ H0(C,F (ξ))
γ
→ H0(ξ, F (ξ)|ξ)→ 0
)
which computes H∗(X,E).
Note that this inductive procedure of choosing a flag of divisors works on a
variety of any dimension d and gives a complex of length d.
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6.2 Relative case
Let E be a flat family of sheaves with base S on a scheme X . Consider the
diagram
X × S
f2

C × S
f1
zztt
tt
tt
tt
tt
j1oo ξ × S
f0
ttjjjj
jjj
jjj
jjj
jjj
jjj
j
j2oo
S
Let pX : X × S → X and pC : C × S → X be the projection morphisms.
We denote the lift of C to X × S as C, etc. Let F = E(C)|S×C . We can choose
C and ξ such that Rnf2∗E(C) = R
nf1∗F(ξ) = 0 for n > 0. Let G = F(ξ)|ξ×S .
The exact sequences
0→ E → E(C)→ E(C)|C×S → 0
and
0→ F → F(ξ)→ F(ξ)|ξ → 0
give long exact sequences
0→ f2∗E → f2∗E(C)
α
→ f2∗i1∗E(C)|C×S → R
1f2∗E → 0,
0→ R1f2∗j1∗F → R
2f2∗E → 0,
0→ f1∗F
β
→ f1∗F(ξ)
γ
→ f1∗j2∗F (ξ)|ξ×S → R
1f1∗F → 0
and a complex of OS-modules
K(E) =
(
0→ f2∗E(C)
β◦α
→ f1∗F(ξ)
γ
→ f0∗G → 0
)
which computes Rif2∗E .
6.3 Fibers of K(E)
Let y ∈ S be a closed point, and let E = E|Xy . Since E is flat over S and
Rnf2∗(E(C)) = 0 for n > 0, we have (cf. [3], ch.2, n.5, coroll.4,3,2 respectively):
Hn(X,E(C)) = 0 for n > 0,
(R0f2∗E(C))⊗ k(y) = H
0(X,E(C)),
R0f2∗E(C) is locally free.
and for F = E(C)|C we have
Hn(C,F (ξ)) = 0 for n > 0,
(R0f1∗F(ξ))⊗ k(y) = H
0(C,F (ξ)),
R0f1∗F(ξ) is locally free.
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Let G = F (ξ)|ξ. It is clear that
Hn(ξ,G) = 0 for n > 0,
(R0f0∗G ⊗ k(y) = H
0(ξ,G),
R0f0∗G is locally free.
It proves that
K(E)⊗ k(y) ≃ K(Ey)
6.4 Construction of Brill-Noether loci
If K is a complex
E1
σ1→ E2
σ2→ E3
of locally free sheaves on a scheme S, we define a closed subscheme Sk(K) as
Sk =
⋂
k1+k2−rkE1=k
Z(Λk1σ1) ∩ Z(Λ
k2σ2)
where Z(φ) is a scheme of zeroes of φ.
The points y of Sk are exactly the points of S for which dimk(y)H(K ⊗ k(y)) ≥
k.
Thus, having a flat family of sheaves en a surface (or a scheme) X with base
S and using the complex K(E) constructed in the previous paragraph we can
define the Brill-Noether subschemes BN ik such that for every y ∈ BN
i
k we have
Hi(X,Ey) ≥ k.
If (X,H) is a polarized K3 surface and E is such a family that (c1(Ey), H) >
0, then H2(X,Ey) = 0 for every y ∈ S and Riemann-Roch theorem gives
BN1k = BN
0
χ(Ey)−k
. In this situation we define BNk = BN
0
k .
7 Construction of the correspondence
7.1 The space of Brill-Noether pairs
7.1.1 α-stable Brill-Noether pairs
Let E be a coherent sheaf on algebraic variety X and V ⊂ H0(E) be a linear
subspace. (E, V ) is called a Brill-Noether pair.
Let H be an ample line bundle on X and let P (E) = PH(E) be the Hilbert
polynomial of E with respect to H . Assume that rkE ≥ 1.
Definition (Le Potier.)
(1) Let α be a polynomial with positive rational coefficients. Then
p(E) =
P (E)
rkE
,
pα(E, V ) = p(E) + α ·
dimV
rkE
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(2) The pair (E, V ) is called α-stable if E is pure and for any sub-pair
(F,W ) ⊂ (E, V ) one has pα(F,W ) < pα(E, V ).
Theorem (Le Potier - He Min): There is a (coarse) moduli space of α -
stable Brill-Noether pairs denoted as SystX,α(l, p(E)), where l = dimV . (cf.
[10])
7.1.2 ǫ-stable Brill-Noether pairs
7.1.2.1 Lemma. Let (E, V ) be a Brill-Noether pair on a surface X . Assume
that rkE ≥ 2. Let ǫ be a positive rational number such that ǫ < 1dimV (rkE−1) .
If (E, V ) is ǫ-stable, then E is semistable.
Proof. Let (E, V ) be an ǫ-stable pair for some positive rational ǫ, where
rkE ≥ 2. Let F be a subsheaf of E. Since E is pure of rank at least 2, we have
rkF > 0. Let e = rkE and f = rkF . Since (F, 0) is a sub-pair of (E, V ), we
have
p(F ) < p(E) + ǫ
dimV
rkE
,
or
χ(FH)
f
m+
χ(F )
f
<
χ(EH)
e
m+
χ(E)
e
+ ǫ
dimV
e
(7.1)
It implies that either χ(FH )f <
χ(EH )
e , in which case p(F ) < p(E) and F does
not destabilize E, or χ(FH )f =
χ(EH)
e , in which case (7.1) implies
χ(F )
f
−
χ(E)
e
< ǫ
dimV
e
,
or
χ(F )e− χ(E)f < ǫf dimV
In particular, if ǫf dimV < 1, then χ(F )e − χ(E)f ≤ 0, which implies p(F ) ≤
p(E). It follows that if ǫ is such that ǫ < 1f dimV for any potentially destabilizing
F , then E is semistable. In the definition of stability of a sheaf E it is enough
to consider the subsheaves F ⊂ E for which dimSuppE/F = dimSuppE, and
therefore we may assume that f ≤ rk(E)−1. It implies that if ǫ < 1dimV (rkE−1) ,
then E is semistable.
7.1.2.2 Lemma. Let X be a polarized algebraic surface, and let (E, V ) be a
Brill-Noether pair on X . Assume that rkE ≥ 2. Let ǫ be a positive rational
number such that ǫ < 1dimV (rkE−1) . If E is stable, then the pair (E, V ) is
ǫ-stable.
Proof. Assume that E is stable and let (F,W ) be a sub-pair of (E, V ). Let
f = rkF and e = rkE; we have f > 0.
Since E is stable, p(F ) < p(E), or
χ(FH)
f
m+
χ(F )
f
<
χ(EH)
e
m+
χ(E)
e
(7.2)
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Let ǫ be a positive number. The condition that (F,W ) does not ǫ-destabilize
(E, V ) is equivalent to the
χ(FH)
f
m+
χ(F )
f
+ ǫ
dimW
f
<
χ(EH)
e
m+
χ(E)
e
+ ǫ
dimV
e
(7.3)
Now (7.2) implies that either χ(FH )f <
χ(EH)
e , in which case (7.3) holds
automatically, or that χ(FH )f =
χ(EH)
e and
χ(E)
e −
χ(F )
f > 0, in which case (7.3)
is equivalent to the condition
(fχ(E)− eχ(F )) + ǫ (f dimV − e dimW ) > 0
Since fχ(E) − eχ(F ) ≥ 1, the last condition is equivalent to the condition
ǫ(f dimV − e dimW ) > −1, or
ǫ <
1
e dimW − f dimV
In particular, if ǫ < 1(e−1) dimV , then (E, V ) is ǫ-stable.
7.2 The space of good Brill-Noether pairs
Let X be an algebraic surface, r ≥ 1, v1 ∈ Num(X) and v2 ∈ 1/2Z. Let
v = (r, v1, v2) and let M = MH(v) be the moduli space of stable acceptable
sheaves with Chern character v. Let r′ be an an integer such that 0 ≤ r′ < r,
and let v′ = (r′, v1, v2). Let l = r − r′, and let Al(v) = Ar,r′(v) be the open
subscheme in Systǫ(r − r′, v) which parametrize the pairs (E, V ) such that
1. E is acceptable,
2. eV : V ⊗OX → E is monomorphic,
3. E′ = coker eV is acceptable,
4. coker eV is stable.
We call Al(v) the moduli space of good Brill-Noether pairs. A point (E, V )
in the Al(v) gives an exact sequence
0→ V ⊗OX → E → E
′ → 0
Let M ′ = MH(v
′) be the moduli space of stable acceptable sheaves with
Chern character v′ = (r′, v1, v2). The are natural maps π1 : Al(v) → M and
π2 : Al(v)→M ′ which take the pair (E, V ) to E and E′ correspondingly:
Al(v)
π1
yyttt
t π2
%%KK
KK
M(v) M(v′)
(7.4)
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7.3 Description of fibers
7.3.0.3 Lemma.
(1) The fiber of π1 at a point [E] ∈ M is isomorphic to an open subscheme
in the Grassmanian variety Gr(l, H0(E)).
(2) The fiber of π2 at a point [E
′] ∈M ′ is isomorphic to an open subscheme
in Gr(l, H1(E′)∨).
The proof of (1) is clear: the fiber of π1 is an open subscheme in Gr(l, H
0(E))
parametrizing linear subspaces V for which the evaluation map eV is monomor-
phic and coker eV is acceptable and stable.
To describe fibers of π2 at [E
′] ∈M ′, we proceed in a few steps.
Step 1: fix a vector spaceW of dimension r− r′ and define the moduli space
A′r,r′ of “rigified” Brill-Noether pairs which parametrizes data (E, i : W →
H0(E)), where i is monomorphic and dimW = r − r′. In other words, A′r,r′ is
a moduli space of triples (E, V ⊂ H0(E), j : V
∼
→ W ). There is a forgetting
morphism p : A′r,r′ → Ar,r′ , and it is clear that A
′
r,r′ is a principle GL(W )-
bundle over Ar,r′ .
Let π′2 : A
′ → M ′ take (E,W ) to E′ := coker iW . There is a commutative
diagram
A′r,r′
α 
π′2
4
44
44
44
44
Ar,r′
π2 ##G
GG
G
M ′
A point (E, i) in A′ gives an extension
0→W ⊗OX → E → E
′ → 0 (7.5)
where E′ = [coker iW ].
Letm′ = [E′] ∈M ′, and let Fm′ be the fiber of π2 overm′. Let Ext
1(E′,W ⊗OX)a
be the open subscheme in Ext1(E′,W ⊗OX) classifying stable acceptable ex-
tensions There is a natural morphism
θ : Ext1(E′,W ⊗OX)
a → Fm′
which takes the extension class
0 // W ⊗OX
α // E
β // E′ // 0
to the pair (E, h0(α)(W )), where h0(α) :W → H0(X,E) is induced by α.
It is clear that θ is epimorphic.
Step 2: Note that there is an action of the group GL(W ) × Aut(E′) on
Ext1(E′,W ⊗OX) which preserves the (subscheme of) stable acceptable exten-
sions: if (γ, δ) ∈ GL(W ) × Aut(E′), then we define (γ, δ) ◦ e to be the bottom
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row of the diagram
0 // W ⊗OX
α //
Oγ

E
β // E′ //
Oδ

0
0 // W ⊗OX
αγ−1 // E
δβ // E′ // 0
It is clear that θ is invariant under this action, i.e., θ((γ, δ) ◦ e) = θ(e).
7.3.0.4 Lemma. If ei ∈ Ext
1(W ⊗OX , E′)a, i = 1, 2, and θ(e1) = θ(e2), then
e2 = (γ, δ) ◦ e1 for some element (γ, δ) ∈ GL(W )×Aut(E
′).
Indeed, let Vi = h
0(αi)(W ), i = 1, 2; since θ(e1) = θ(e2), there is an isomor-
phism i : E1 → E2 which takes V1 to V2. Let us construct γ ∈ GL(W ) from the
diagram
W
α1 //
γ


 V1
i

W
α2 // V2
Since i : E1 → E2 takes Imα1 to Imα2, the isomorphism i induces an
isomorphism δ : E′ → E′ such that the following diagram is commutative:
0 // W ⊗OX
α1 //
γ

E1
β1 //
i

E′ //
δ

0
0 // W ⊗OX
α2 // E2
β2 // E′ // 0
But now, twisting with (γ, δ), we get an equivalence of extensions (γ, δ)◦e1 ≡ e2:
0 // W ⊗OX
α1γ
−1
// E1
δβ1 //
Oi

E′ // 0
0 // W ⊗OX
α2 // E2
β2 // E′ // 0
Step 3: Since E′ is stable, it is also simple and the action of the group
GL(W )×Aut(E′) reduces to the action of GL(W ). Let αe be the image of e un-
der the isomorphism u : Ext1(E′,W ⊗OX)→ Hom(W∨,Ext
1(E′,O)). Lemma
1.16.0.3 implies that if αe is not monomorphic, then E is not stable . Consider
the space of monomorphic linear maps Monom(W∨,Ext1(E′,O)). It has free
GL(W )-action, and Monom(W∨,Ext1(E′,O))/GL(W ) ≃ Gr(l,Ext1(E′,O)),
where l = dimW = r − r′. It follows that the fiber of π2 is an open subscheme
in the Grassmanian variety Gr(r − r′,Ext1(E′,O)) given by the condition that
E in the extension defined by αe ∈ Monom(W
∨,Ext1(E′,O)) is acceptable and
stable.
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7.4 Nonemptiness of fibers
7.4.0.5 Lemma. Assume that [E] ∈M and either rkE = 1, or rkE ≥ 2 and
the following two conditions are true:
(a) E is globally generated, and
(b) PicX ≃ Z, c1(E) = 1.
Then the fiber of π1 at [E] ∈M is a dense open subscheme in the Grassma-
nian variety Gr(l, H0(E)).
Proof. In case rkE = 1 the lemma is easy. If rkE ≥ 2, then, first, the
condition (a) and Lemma 2.1.0.1 imply that the generic evaluation map is
monomorphic. Second, the same condition and Lemma 5.0.0.10 imply that the
generic factorsheaf of the evaluation map is acceptable. Finally, condition (b)
and the Lemma 1.16.0.4 imply that the generic factorsheaf is stable.
7.4.0.6 Lemma. Assume that [E′] ∈M ′ and the following two conditions are
true:
(a) PicX ≃ Z, c1(E) = 1,
(b) Either one of the following is true:
(1) rkF ≥ 2;
(2) rkF = 1, F ≃ Jξ(L), where L is ample, ξ is simple and the pair
(ξ, L+KX) is Caley-Bacharash;
(3) rkF = 0, F ≃ (iC)∗B, where iC : C → X is a reduced irreducible
curve on X , and B is an invertible sheaf on C.
Then the fiber of π2 at [E
′] ∈ M ′ is a dense open subscheme in the Grass-
manian variety Gr(l, H1(E′)∨).
Proof. The Lemma 1.15 and condition (b) imply that the generic extension
of E′ with W ⊗OX is acceptable, and condition (a) and Lemma 1.16.0.3 imply
that the generic extension is stable.
8 The correspondence and the Brill-Noether loci
Let (X,H) be a polarized surface, and assume that h1(X,OX) = 0. Let L =
Z⊕NumX⊕Z · t2 , where t = 2 if NumX is even and t = 1 otherwise. There is a
Chern character map ch : K0(X)→ L, [E] 7→ ch(E) = (rk(E), ch1(E), ch2(E)).
Let v ∈ L, v = (r, v1, v2), and let (E, V ) ∈ Al(v). We get an exact sequence
0→ V ⊗OX → E → E
′ → 0 (8.1)
and the long exact sequence
0→ V → H0(X,E)→ H0(X,E′)→ 0
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which implies h0(X,E′) = h0(X,E)− l. Let Akl (v) be the preimage of BNk(v)
under π1, and let v
′ = (r − l, v1, v2). Since ct(E′) = ct(E), the diagram (7.4)
induces the diagram
Akl (v)
(π1)k
yysss
ss
ss
ss
ss
ss
s
(π2)k
&&MM
MM
MM
MM
MM
MM
MM
M
∩
Al(v)
π1
yyttt
t π2
%%KK
KK
BNk(v) ⊂ M(v) M(v′) BNk−l(v′)⊃
(8.2)
It is clear that ((π1)k)
−1(m) = (π1)
−1(m) and ((π2)k)
−1(m′) = (π2)
−1(m′).
9 Globally generated line bundles on curves
9.1 Varieties pA
k
d and pB
k
d
9.1.1
Let C be a smooth irreducible genus g curve and L be a degree d line bundle on
C. Let LD = KCL
−1, and let us fix a point p ∈ C. The adjunction sequence
0→ L(−p)→ L→ Lp → 0
induces the long exact sequence
0→ H0(C,L(−p))→ H0(C,L)
e(L,p)
→ Lp → H
1(C,L(−p))→ H1(C,L)→ 0
Let M = L(−p).
The long exact sequence above implies that there are two possibilities: either
(1) e(L, p) is epimorphic, in which case the isomorphismH1(C,M)
∼
→ H1(C,M(p))
together with Serre duality imply e(MD, p) = 0;
or
(2) e(L, p) = 0, in which case e(MD, p) is epimorphic.
In other words, L is globally generated at p iff MD is not globally generated
at p; and L is not globally generated at p iff h0(C,M) = h0(C,M(p)).
9.1.2
Let now V kd be a scheme parametrizing invertible sheaves of degree d such
that dimH0(C,L) = k; this is a difference of two Brill-Noether loci in the
Picard variety of C; and let pA
k
d be the (closed) subscheme in V
k
d parametrizing
invertible sheaves L not globally generated at p (it is constructed in paragraph
9.2.1.) We define pB
k
d as pB
k
d = D(pA
k−d−1+g
2g−2−d ); in other words, L ∈ B iff
LD ∈ A.
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The map L 7→ L(p) establishes isomorphisms
V kd − pB
k
d
∼
→ pA
k
d+1, (9.1)
pB
k−1
d
∼
→ V kd+1 − pA
k
d+1 (9.2)
In other words, the first isomorphism can be formulated as follows: twisting
with OC(p) establishes an isomorphism of the (open) subscheme in moduli of
M given by the condition h0(C,M(p)) = h0(C,M) and the (closed) subscheme
in the moduli of L given by the condition that L is not globally generated at p.
The isomorphisms of twisting with p and −p are shown on the Figures 1
and 1 as acting in the plane with (d, k)-coordinates.
❍
❍
❍
❍
❍
❍
❍
❍
❍
❍
❍
❍
❍
❍❍❥
✲V k
d
− pB
k
d
pB
k
d
pA
k
d+1
V k
d+1 − pA
k
d+1
pA
k+1
d+1
V
k+1
d+1
− pA
k+1
d+1
Picd C Pic
d+1 C
Figure 1: Twisting with p
✛
❍
❍
❍
❍
❍
❍
❍
❍
❍
❍
❍
❍
❍
❍❍❨
pA
k+1
d+1
Picd C Pic
d+1 C
V
k+1
d+1
− pA
k+1
d+1
V k
d+1 − pA
k
d+1
pA
k
d+1
pB
k+1
d
V
k+1
d
− pB
k+1
d
pB
k−1
d
V k
d
− pB
k
d
Figure 2: Twisting with −p
52
9.1.3
We will now vary the point p. In paragraph 9.2.2 we construct a scheme Akd
(and Bkd) such that there are diagrams
V kd × C

⊃ Bkd
yyttt
tt
t
C
V kd × C

⊃ Akd
yyttt
tt
t
C
such that the fibers are isomorphic to pB
k
d and pA
k
d, respectively.
Let Bkd ⊂ V
k
d be the image of A
k
d under the of projection map B
k
d → V
k
d .
It can be described as a closed subscheme in V kd parametrizing such M that
h0(M) = h0(M(p)) for some point p ∈ C. In the same way there is a closed
subscheme Akd ⊂ V
k
d parametrizing non-globally generated invertible sheaves.
9.1.4
Now consider the morphism
φ : (V kd−1 × C)− B
k
d−1 → A
k
d
mapping (M,p) to M(p). It is clear that this morphism is surjective and for
k ≥ 1 is quasi-finite (the set of points where the given line bundle is not globally
generated is finite).
The map φ can be included into the diagram
(V kd−1 × C)−B
k
d−1
φ ((QQ
QQQ
QQQ
/o // Akd
π
Akd
where π is quasi-finite.
Corollary. Let k ≥ 1. Then for each irreducible component (Akd)i of A
k
d (if
any) we have dim(Akd)i ≤ maxj dim(V
k
d−1)j+1, where (V
k
d−1)j are the irreducible
components of V kd−1.
9.2 Varieties of non-globally generated line bundles.
9.2.1 Bundles not globally generated at a given point
Let C be a curve and L be a family of invertible sheaves on C with base T , i.e.,
an invertible sheaf L on C × T .
In this paragraph we construct a subscheme of bundles not globally generated
at a given point p ∈ C.
Let π : C × T → T be the projection. Let us fix a point p ∈ C, and let
Dp = p× T . Applying R1π∗ to the adjunction sequence on C × T
0→ L(−Dp)→ L→ L|Dp → 0
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we get the exact sequence
R1π∗L(−Dp)
φp
→ R1π∗L→ 0
(we consider the R1 piece since base change works better for top cohomology
groups.)
Let t ∈ T and Lt = L|C×t. Tensoring the exact sequence above with the
residue field k(t), we get
H1(C,Lt(−p))
(φp)(t)
→ H1(C,Lt)→ 0
which is a part of the long cohomological sequence associated with
0→ (Lt)(−p)→ Lt → (Lt)|p → 0
In particular, Lt is not globally generated at p ∈ C iff ker(φp)(t) 6= 0.
In general, for a morphism of coherent sheaves φ : F → G the set of points
t ∈ T such that φ(t) is not an isomorphism is constructible.
Now let V kT be a (locally closed) subscheme in T given by the condition
dimkH
0(C,Lt) = k. The sheaf R
1π∗L is locally free when restricted to V
kT ,
and tensoring the exact sequence
0→ kerφp → R
1π∗L(−Dp)
φp
→ R1π∗L→ 0
with k(t) demonstrates that the set of t ∈ V kT such that Lt is not globally
generated at p ∈ C is the support of the coherent sheaf kerφp which implies
that it is closed.
9.2.2 Varying the point p ∈ C.
Let C be a curve and L be a family of invertible sheaves on C with a base
T . In this paragraph we construct a (relative) variety of bundles not globally
generated at a some point p ∈ C.
Let C1 = C2 = C, and consider the diagram of projection morphisms
C1 × C2 × T
π

C1 × T
π′

T
Let ∆ be a divisor on C1 × C2 × T obtained by pulling back the diagonal from
C1 × C2, and abusing notations we write L instead of pr∗C2×TL.
Applying R1π∗ to the adjunction sequence
0→ L(−∆)→ L→ L|∆ → 0,
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we get the exact sequence
R1π∗L(−∆)
φ
→ R1π∗L→ 0
of coherent sheaves on C1 × T . If (p, t) ∈ C1 × T , then, tensoring the exact
sequence above with the residue filed k(p, t) of the point (p, t) ∈ C1 ×T , we get
the exact sequence
H1(C,Lt(−p))
φ⊗ k(p,t)
→ H1(C,Lt)→ 0
as in the previous paragraph, and it follows that the constructible subset Deg φ ⊂
C1 × T consisting of points (p, t) for which φ⊗ k(p, t) is not a fibervise isomor-
phism coincides with the set of points (p, t) ∈ C1×T for which Lt is not globally
generated at p ∈ C. (Now taking the direct image π′(Deg φ), we can get a sub-
set A(T ) in T of points t ∈ T such that the invertible sheaf Lt is not globally
generated.)
9.3 Globally generated line bundles on Brill-Noether-general
curves
Lemma. Let C be a curve such that every V id is irreducible and of the expected
dimension ρ = g − i(i− χ), where χ = d+ 1− g.
Assume that we are given k ≥ 2 such that ρ = g− k(k−χ) ≥ 0. Then there
is a globally generated line bundle L ∈ V kd .
Proof. We prove that Akd is equidimensional in V
k
d and compute its codi-
mension.
Consider the variety Akd (which might be empty). It has a map to C with
fibers pA
k
d. We have pA
k
d ≃ V
k
d−1 − pB
k
d−1, where pB
k
d−1 is closed in V
k
d−1. It
follows that pA
k
d is either irreducible of dimension dimV
k
d−1 = g−k(k−(χ−1)) =
ρ − k or empty, which implies that Akd is either equidimensional of dimension
k(k− (χ− 1)) + 1 or empty. (Remark: the cases ρ < k, ρ = k and ρ > k should
be considered separately.)
Now there is a quasi-finite map Akd → A
k
d. It follows that A
k
d is equidimen-
sional of dimension ρ− k + 1 or empty.
Now Akd is a subscheme in V
k
d which is irreducible of dimension ρ. It follows
that Akd is of codimension k−1 in V
k
d or empty. In particular, there is a globally
generated line bundle L ∈ V kd .
The proof is illustrated on the following diagram:
pA
k
d ≃

V kd−1 − pB
k
d−1
Akd
//

C
Akd ⊂ V
k
d
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9.3.0.1 Proposition. Let C be a generic curve of degree g, and assume that
we are given d, k ≥ 2 such that ρ = g − k(k − χ) ≥ 0. Then there is a globally
generated line bundle L ∈ V kd .
The proof follows from the Lazarsfeld’s theorem on the dimension of W rd of
a generic genus g curve and the previous lemma.
9.3.0.2 Existence of globally generated vector bundles in moduli spaces
on K3 Let (X,H) be a polarized K3 surface. Assume that PicX ≃ Zh, h = [H ],
and consider a nonempty moduli spaceM of vector bundles on S with rkE = r,
c1(E) = h and c2(E) = d. Then there is a globally generated vector bundle
E ∈M .
Proof. First, by previous Lemma, there is a curve C on X in the linear
system |h| and a globally generated line bundle L on C of degree 2g − 2 − d.
Then the Lazarsfeld’s construction (cf. the first part of the paper) implies that
there is a globally generated vector bundle E in the moduli space M .
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